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Human bone is well-known to be a very complex structure with a diverse 
range of geometries, densities, and mechanical properties at different length 
scales. It is also generally recognized that variations in bone shape and 
attenuations in bone density, especially during ageing or with the onset of 
morbid conditions like osteoporosis, may play no small part in undermining 
the strength and mechanical integrity of the skeletal system. However, only 
very recently are we realizing that the problem at hand, if it is to be genuinely 
understood and resolved, requires a more multi-scale approach: it is imperative 
to know how the mechanical behaviour and, more particularly, the 
deformation mechanisms at any one scale of the bone may have an effect on 
adjacent scales, potentially leading to eventual catastrophic failure of the entire 
bone.  
In our work, we investigated the capability of the triply-periodic minimal 
surface solid called the gyroid to act as a morphological model of trabecular 
bone. Our results showed that, based on both its mechanical behaviour and 
morphometric properties, the gyroid-based unit cell can act as a reasonably 
good representative of real trabecular bone. We compared the gyroid model 
with some of the models previously proposed in the literature and discovered 
that it possesses several merits germane to our purposes. 
We next obtained the mechanical properties of gyroid-based unit cells for a 
range of apparent densities and used these to construct a database of input 
parameters for subsequent macro-scale numerical simulations of the entire 




severe attenuation of trabecular bone density, we were able to understand the 
effect of ageing or osteoporosis (both of which cause substantial bone loss) on 
the femur-level strength and stiffness. We discovered that femora that have 
suffered severe loss of trabecular bone exhibit a remarkable reduction in their 
structural stiffness and a peculiar plateau-like behaviour in their load-
displacement curves, indicating that their capacity to withstand any further 
increase in external loads has been compromised. 
Lastly, with the aim of shedding more light on the relationship between failure 
mechanisms at two adjacent length scales, i.e., the individual trabecular strut 
level and the femoral neck region at large, we used the gyroid model, together 
with a CT-image obtained from a real femoral neck cross-section, to generate 
a structure that resembled the femoral neck in geometry as well as in bone 
density distribution. Performing numerical simulations on this structure using 
various boundary conditions (both stance and fall) furnished us with a macro-
scale yield envelope that could enable one to diagnose whether a given set of 
loading conditions is likely, or not, to result in structural yield of the femoral 
neck. At the trabecular level, we explored the phenomenon of strut buckling 
by using simplified cylindrical geometries and discovered that, based on 
typical statistical data for the slenderness ratios of femoral trabecular spicules 
in the middle-aged and elderly, inelastic buckling is a very real possibility in 
trabecular bone. Further inspection of our computational model of the femoral 
neck structure after macro-scale yield revealed that trabecular struts in low 
volume fraction areas of the superior-most region of the femoral neck did 




concluded that our findings could be of significance in improving our 
understanding of the aetiology and hierarchical nature of fall-related fractures. 
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Chapter 1. Introduction and Literature Review 
“Everything has been said before, but since 
nobody listens we have to say them again.” 
(André Gide, Le Traité de Narcisse) 
 
This chapter is divided into four subsections. The first three subsections are 
intended as a thematically-organized introduction and review of the literature 
pertaining to our work. In Section 1.1, we describe the hierarchical nature of 
bone and provide a survey of the multi-scale techniques currently being used 
to study bone at different length scales. Section 1.2 focuses on some of the 
morphological models that have previously been proposed to study trabecular 
bone, for example, the Gibson-Ashby unit cell and the tetrakaidecahedral 
model, amongst others. We expound on several aspects of bone degeneration 
and mechanisms of failure in Section 1.3. Lastly, Section 1.4 is an outline of 
our own aims and objectives in undertaking this work. 
1.1 Multi-scale analysis of bone 
1.1.1 Hierarchical nature of bone 
Human bone is known to be a hierarchical composite comprising four scales 
[1]:  
i. mineralized collagen fibrils (approximately 0.1 micron),  
ii. lamellar and woven bone (approximately 10 microns), the former 
containing unidirectional fibrils in alternating angles between layers, 





iii. primary lamellar, Haversian (a type of cortical bone), and laminar 
bones (approximately 500 microns), 
iv. trabecular or cortical bones (greater than 1000 microns). 
At the highest hierarchical level (> 1mm) we may therefore distinguish 
between two types of bone: cortical (or compact) bone, which is the densest 
bone in the human skeleton, and trabecular (also called spongy or cancellous) 
bone, whose density is much less than that of cortical bone. Cortical bone is 
usually found in the diaphyseal regions of long bones such as the femur and 
the tibia, while trabecular bone is present at the epiphyseal regions of long 
bones, between the more dense outer layers of cortical bone (Figure 1.1).  
Figure 1.1 Human proximal femur showing cortical and trabecular bones (adapted from 
[2]) 
Human trabecular bone is remarkable for its vast structural heterogeneity 
across anatomic locations, subjects, and age. Trabecular spicules in young 
subjects (whose bones are very dense) are observed to be more plate-like and 
highly connected, while those in elderly or osteoporotic subjects (whose bones 
have suffered substantial decrease in density) tend to become more slender, 











has a combination of rod- and plate-like features, with the former 
predominating in highly porous regions and the latter in less porous ones 
(Figure 1.2). 
Figure 1.2 Scanning electron micrographs showing the heterogeneous nature of human 
trabecular bone: (a) The rod-rod cellular structure from the femoral head (b) The plate-
rod cellular structure from the femoral head (c) The plate-rod cellular structure from 
the femoral condyle (from [3]) 
Though there often exists no clearly defined demarcation between cortical and 
trabecular bone, the porosity of cortical bone is rarely above 30% (i.e., its 
volume fraction is above 70%), while the porosity of trabecular bone is usually 
above 40% (i.e., its volume fraction is below 60%). Hence, the distinction 
between cortical and trabecular bone is fairly obvious in a clinical computed 
tomography (CT) image.  
From a morphological point of view, there exists a fundamental difference 
between cortical and trabecular bones, one that has considerable implications 
for their overall mechanical behaviour and physiological function in the 
skeleton. This difference lies in the scale of their porosities: while cortical 
bone contains voids (in the form of Haversian and Volkmann’s canals, 
lacunae, etc) that are always smaller than 200 microns, trabecular bone is a 
network of interconnected rods and plates (called trabeculae) of typical 





thickness 100 to 300 microns, and inter-trabecular spacing of 500 to 1500 
microns [1]. In other words, the volume fraction of trabecular bone (which 
usually lies between 5% and 50% in human bone) is dominated by the spaces 
between individual trabeculae, and not the voids within the bone tissue itself 
as is the case in cortical bone. 
Furthermore, we shall distinguish henceforth between tissue density and 
apparent density as follows: tissue density, 𝜌𝑡𝑡𝑡𝑡𝑡𝑡, is the ratio of bone mass to 
volume of the actual bone tissue, without consideration of any porosity, 
whereas apparent density, 𝜌𝑎𝑎𝑎, is the ratio of the mass of bone tissue to the 
total bulk volume (i.e., the volume of the bounding box enclosing the 
specimen) inclusive of the volume of the porosities. The volume fraction,𝑉𝑓, of 
the specimen is the ratio of the apparent density to the tissue density: 
𝑉𝑓 = 𝜌𝑎𝑎𝑎𝜌𝑡𝑡𝑡𝑡𝑡𝑡  .1)  
Though there does exist some difference in the degree of mineralization 
between cortical and trabecular bone, especially between anatomic locations, it 
is frequently assumed that the tissue density of both cortical and trabecular 
bones is constant and identical, with a value lying typically between 1.8 g/cm3 
and 2 g/cm3 [4]. For the purpose of this study we assumed a standard value of 
1.8 g/cm3 for the tissue density [5].  
We shall further distinguish between the organ-scale (femur-level, or macro-
scale) and the microstructural (trabeculae-level, or micro-scale) properties. 
The femur-level properties pertain to those that can be seen when 
measurements are taken at the level of the femur, with no regard for trabecular 





properties arising from the presence of individual trabecular spicules are 
averaged (‘smeared’ out) to obtain homogenized values, that are then 
employed in studying the femur-scale behaviour. Examples of femur-scale 
properties include the structural stiffness of the entire proximal femur, yield 
behaviour of the femoral neck region, etc. In contradistinction, the trabeculae-
level properties take into account the behaviour of individual trabecular 
spicules under loading. Examples of trabeculae-level properties include the 
structural stiffness of a single trabecular strut, buckling behaviour of a slender 
trabecular rod under axial loads, etc.  
The difference in the length scales between the whole femur and the 
constituent trabecular spicules has implications for engineering analyses (e.g., 
finite element analysis) based on computed tomographic (CT) images. 
Computed tomography (CT) is a medical imaging technique whereby digital 
geometry processing is used to generate a three-dimensional image of the 
inside of an object from a large series of two-dimensional X-ray images 
obtained from a single axis of rotation [6]. The pixels in a CT image display 
the relative radio-density of the bone at that location. This corresponds to the 
mean attenuation of the tissue, on a scale from +3071 (most attenuating) to -
1024 (least attenuating) on the Hounsfield scale. For example, water has an 
attenuation of 0 Hounsfield units (HU), air is -1000 HU, cancellous bone is 
about +400 HU, and cortical bone may exceed +1500 HU. The smallest 
feature visible in the CT image is limited by the resolution settings of the 
scanner. Micro-scale parameters like trabecular geometry are not captured by 





CT images can be directly converted into finite element (FE) models using a 
combination of MIMICS and 3-matic software. Subsequently, material 
properties can be mapped from the CT images directly onto the corresponding 
elements in the mesh (more details in Section 1.1.2 below). The mesh thus 
generated closely follows the geometry of the scanned bone, and also contains 
appropriate material properties derived from the corresponding bone locations 
(Figure 1.3). 
Figure 1.3 (a) Original femur bone obtained by stacking CT slices (b) 3D reconstruction 
of solid geometry (c) Body-fitting mesh generated from the femur bone using tetrahedral 
elements 
Micro-computed tomography (μCT) differs from CT in that the pixel 
dimensions in μCT are in the order of micrometers. It is used primarily when 
there is a need for microstructural detail in the materials being scanned. 
Typical uses include studying small animals, foodstuffs, polymers and 
plastics, geological materials like rock samples, etc. Owing to the design of 
the μCT scanner, the technology is currently only used to scan peripheral sites 
on the human body, for example, the ankle and wrist joints [7]. Furthermore, 
the high radiation dose involved in μCT scans prevents its application in 
studying core regions of the body, like the hip joint. Hence, there is, at the 
moment, no μCT scan of the femoral neck region obtained in vivo.   





A μCT scan of a trabecular bone sample obtained from a cadaveric 
specimen is shown below (Figure 1.4(a)). Well-documented meshing 
procedures in MIMICS and 3-matic software produce the high-resolution 
tetrahedral mesh shown (Figure 1.4(b)). 
Figure 1.4 (a) Micro-CT scan of a trabecular bone sample (b) A typical volume mesh of a 
trabecular bone specimen rendered using MIMICS and 3-matic software suite 
1.1.2 Conventional density-modulus mapping techniques 
1.1.2.1 History and current methods  
Once an FE mesh of appropriate mesh density has been rendered from a CT 
image, material properties (e.g., Young’s modulus and Poisson’s ratio) need to 
be assigned to each element in the mesh. Traditionally, this process has been 
carried out by some form of mapping technique that relates the apparent 
density of the bone as depicted by the CT image to the continuum-level (i.e., 
apparent-level) Young’s modulus. Various mapping algorithms, most of them 
empirically derived, have been proposed in the literature. Helgason et al. [5] 
have undertaken a rather exhaustive review of these density-modulus 
relationships dating back to the pioneering works of CarterHayes [4], together 






Typically, a trabecular specimen of dimension appropriate to the testing 
equipment is excised from a larger bone and mounted in a mechanical testing 
machine. Loads are applied at a pre-determined strain rate (usually quasi-
statically) and the corresponding displacements recorded. The stiffness can 
then be calculated by processing the graph of stress versus strain at the 
apparent (i.e., homogenized) level. Other testing set-ups have also been 
employed, including ultrasound techniques [8, 9].  
Linde et al. [10] have called attention to the fact that there exists an almost 
ten-fold difference between various empirical studies in the values of Young’s 
modulus for a given apparent density (Figure 1.5). This discrepancy can be 
partially accounted for by considering the fact that these empirical studies 
were performed on bone specimens of different sizes, excised from different 
donors and anatomic locations, and employed significantly different 
measurement techniques and boundary conditions in evaluating their 
specimens.  
The debate on which, if any, of the above-described techniques is most 
appropriate for assigning material properties in FE analyses, is still going on – 
indeed, very recently [11], there has been a call for subject-specific density-
modulus relationships, whereby the most accurate relationship is not one that 
has been generated from a pooled set of data obtained from donors in the past, 
but one that is true for the particular specimen whose bone is being studied. 
Needless to say, in FE analyses of CT images derived from living subjects, it 
is not possible to obtain subject-specific data and one still has to rely on 





Figure 1.5 Graph of effective stiffness vs. apparent density for femoral bone (from [5]) 
Various software (e.g., MIMICS, BoneMat) are capable of automatically 
assigning material properties to an FE mesh based on an underlying CT image, 
provided the user has furnished the most suitable density-modulus 
relationship, usually in the form of a power law:  
𝐸 = 𝑎 + 𝑏(𝜌𝑎𝑎𝑎)𝑐 .2)  
where 𝐸 is the Young’s modulus, and 𝑎, 𝑏, and 𝑐 are coefficients obtained by 
fitting the experimental data. In principle, this process would result in a finite 
element mesh with as many material cards as there are elements; however, 
most software have a limit on the number of materials they can handle, 
implying that the user may have to discretize the number of materials by 
lumping elements into ranges of material properties.  
There has been much debate regarding the importance of incorporating 
material anisotropy in FE simulations. Though it is relatively well-established 





law and that it possesses orthotropic symmetry  or in some cases transverse 
isotropy [12], a large number of FE studies continue to assume isotropy in 
assigning material properties [13-15]. This is primarily because these FE 
studies derive their information on bone geometry and material properties 
from CT scans, which do not contain any explicit information on bone 
anisotropy [13]. The assumption of isotropy, although frequently criticized for 
its simplicity [16], was shown to give results similar to those obtained using 
orthotropic bone material properties [17, 18].   
It is to be noted that for FE analyses on trabecular-level specimens (i.e., where 
the trabecular rods and plates constitute the finite elements), homogeneous 
material properties are often assumed for the trabecular tissue, based on the 
fact that there is little variation in the material composition between sites [19].  
The primary advantage of using these empirically-obtained density-modulus 
maps when assigning material properties to continuum elements is that they 
facilitate the generation and analysis of very large and computationally-
intensive FE models, e.g., the entire femur or vertebral column. Since the 
individual trabecular spicules are not explicitly captured in the geometry of the 
FE mesh, but are instead ‘smeared’ out to obtain continuum material 
properties, the number of degrees of freedom present in an analysis of an 
entire bone is drastically decreased. Researchers have thus been able to obtain 
great insight into the mechanics and failure behaviour of entire bones under 
various very complex forms of loading, including dynamic (gait) conditions. 
Furthermore, density-modulus maps have improved our understanding of the 
relationships obtaining between bone volume fraction and corresponding 





anti-osteoporosis drugs (that work by increasing volume fraction) on the 
overall quality and structural integrity of the whole bone. 
1.1.2.2 Limitations 
Notwithstanding the advantages inherent in creating macro-level FE meshes 
containing continuum elements with mechanical properties based on the 
above-described density-modulus maps, there exist some crucial limitations to 
the method. When the individual trabecular spicules are ‘smeared’ out to 
obtain continuum-level mechanical properties to be used as input parameters 
in the macro-scale FE analysis, an implicit assumption is being made that may 
not be tenable in real bone, namely, that the continuum-level properties 
capture all relevant modes of deformation possible at the trabecular level. 
However, it is to be recalled that the density-modulus maps are calculated 
based on experiments conducted at small apparent-level strains, and that, 
furthermore, they usually generate linear elastic materials. Hence, the 
possibility of large-deformation bending (or buckling) of individual trabecular 
struts is not accounted for in the macro-level analysis.  
Some workers have called attention to the importance of trabecular buckling in 
determining macro-level failure behaviour. Cellular solids theory [3] predicts 
that while high-density trabecular bone is most likely to fail by tissue-level 
yield, low-density trabecular bone would suffer large-deformation bending or 
buckling during failure. Bevill et al. [20] studied the influence of bone volume 
fraction and micro-architecture on large-deformation failure mechanisms of 
trabecular bone and discovered that the reduction in overall bone strength in 





approximately 20%. StolkenKinney [21] discovered that for slender trabecular 
rods, it is important to activate the option of geometrically nonlinear analysis 
in FE software, in order to capture large-deformation bending (buckling) of 
the rods. In a review article, Christen et al. [22] emphasized the need for 
organ-level nonlinear FE models that accurately resolve trabecular micro-
architecture. In contradistinction, Verhulp et al. [7] (see also [23]) compared 
micro- and continuum-level FE models of the proximal femur under fall mode 
and concluded that, unless the continuum mesh is very coarse, both models 
produced similar stress and strain distributions. However, their work used only 
stress and strain distribution plots to ascertain the importance of 
microstructure in macro-level analyses, and did not study the failure 
mechanisms prevalent at each scale and their mutual interactions.  
Given the findings outlined above, it is probable that there indeed exists a very 
close link between the macro-scale properties and failure of the whole bone 
and the micro-scale failure of individual trabecular spicules through buckling. 
If this hypothesis is true, then it is imperative to include the possibility of 
micro-scale trabecular failure (through buckling) in performing a large-scale 
FE analysis of a full bone – an enterprise to be undertaken through so-called 
multi-scale analyses (or, more strictly, dual-scale analyses, since only two 
scales are here involved).  
1.1.3 Micromechanically-informed macro-scale analysis of bone 
In the recent past, workers have introduced several techniques for performing 
multi-scale simulations and demonstrated them on various materials including 





the transfer of information between scales: how to transmit the macro-scale 
loads (e.g., those experienced by the proximal femur during stance) to the 
micro-scale structure (i.e., the trabecular rods and plates), and subsequently, 
how to pass the information on micro-scale mechanical behaviour (e.g., the 
structural stiffness, and failure modes like yield and buckling at the trabecular 
level) back to the macro-scale simulation for further analysis and processing. 
This challenge becomes especially acute when either or both scales are at the 
point of failure, for example, when the buckling of trabecular struts inside the 
proximal femur has progressed to such an extent that the overall strength and 
integrity of the entire proximal femur is itself compromised and catastrophic 
failure becomes imminent. Complex numerical algorithms are being 
developed to handle such cases [24, 25]. Here, we briefly describe two 
methods commonly used to transmit information between scales in numerical 
simulations. 
1.1.3.1 Sequential coupling 
Here, the micro-scale specimens are homogenized to obtain ‘effective’ 
properties that are then used as input parameters for the macro-scale 
simulations. This technique is also known as non-concurrent coupling since 
there is no flow of information from the macro-scale to the micro-scale. Since 
the morphology of trabecular bone varies across anatomic sites, it is not 
possible to employ a representative volume element; instead unit cells 
corresponding to a range of apparent density need to be generated a priori and 
their homogenized material properties calculated. Then, for each of the finite 
elements located in the macro-scale FE domain, the material properties 





Algorithms that depend on sequential coupling between scales are simpler to 
implement numerically but their accuracy is decreased owing to the fact that 
there is no explicit transfer of information from the macro-scale back to the 
micro-scale.  
In our work (Chapter 5), we develop a simple dual-scale analysis of the 
proximal femur using sequential coupling, employing a database of material 
properties homogenized from the micro-scale unit cells as input parameters in 
a macro-scale study of the large-deformation mechanical behaviour of the 
proximal femur. 
1.1.3.2 Concurrent coupling 
In concurrent coupling algorithms, there is a two-way transfer of information 
between the scales: while the macro-scale boundary conditions drive the 
micro-scale simulation, the results obtained by homogenizing the latter in turn 
constitute the material properties of the macro-scale problem. This results in 
more accurate studies that capture all possible interactions between the 
phenomena occurring at the disparate scales; however, they are 
computationally challenging to formulate and implement. 
A variant of this method is the use of a model which simultaneously contains 
two or more scales in itself. In other words, a macro-scale model of the bone 
can be generated with the entire microstructure (i.e., all trabecular rods and 
plates) explicitly present in the structure. This usually leads to immense 
computational difficulties owing to the very large number of degrees of 
freedom necessary to capture geometric features at both scales with acceptable 





the femoral neck region in isolation, it may be possible to undertake a 
concurrent study of both scales simultaneously, in order to arrive at an 
improved understanding of how failure phenomena occurring at one scale 
drive or are driven by those occurring at the other scale. We describe an 
application of this type of dual-scale analysis in Chapter 6. 
1.1.4 Some recently published studies on multi-scale analysis of bone 
Specifically within the context of cortical bone, Ghanbari and Naghdabadi 
[26] developed a hierarchical (concurrent) multi-scale modelling scheme 
based on a representative volume element (RVE) containing hydroxyapatite 
mineral, collagen matrix and an interphase material. The macroscale domain 
was discretized by a finite element mesh and a macroscopic deformation 
gradient calculated for every material point. This macroscopic deformation 
gradient was then used to formulate the boundary conditions for the micro-
scale domain, which was subsequently homogenized by volume-averaging to 
obtain the macroscopic stress tensor that was in turn transferred back to the 
macro-scale. Figure 1.6 below shows a schematic of their approach and the 






Figure 1.6 (a) Schematic illustration of dual-scale analysis of cortical bone [26], (b) RVE 
of cortical bone showing hydroxyapatite mineral, collagen matrix, and the interphase 
region [26] 
They intend to extend their work to trabecular bone as well, where they would 
have to account for the heterogeneous macroscopic porosity as well – it would 
be of interest to follow their progress and see how they solve this problem. 
Very recently, Vaughan et al., [27] published a three-scale investigation into 
the effects of tissue mineralisation and lamellar organisation in both cortical 
and trabecular bone. At the nanostructural level, they employed an RVE 
comprising hydroxyapatite mineral crystals periodically distributed within 
organic collagen fibrils, as shown in Figure 1.7. 
 At the microstructural scale, they modelled osteons using eight concentrically 
arranged lamellae with and without a central vascular channel for cortical bone 
and trabecular bones, respectively. After applying appropriate boundary 
conditions (including periodicity) on the RVE, they homogenized the nano-
scale stress and strain values to obtain the micro-scale effective properties 
corresponding to cortical and trabecular bones. Their results showed that the 
predicted stiffness values of the lamellae corresponded well with those 






variations in mineral volume fraction, crystal size, and orientation of the 
lamellae could be responsible for the discrepancies in tissue-level properties 
that have previously been noted [9, 28]. Again, similar to the article cited 
above [26], it would be interesting to see how these workers propose to model 
the variations in the apparent density of trabecular bone at the macro-scale 
(i.e., at the organ level).  
 
Figure 1.7 (a) Geometry of mineralized collagen fibril, (b) RVE showing periodic 
distribution of hydroxyapatite crystals in organic collagen matrix, (c) Zoomed-in view of 
the nano-scale RVE [27] 
A simple cubic grid-like structure was proposed by Ilic et al. [29], who used 
numerical solutions to study the effect of porosity on the effective properties 
of trabecular bone. Their model included the fluid that is known to permeate 
the solid bony structure and possibly to contribute to its effective properties 
(Figure 1.8). They simulated ultrasonic tests and obtained results that 





Figure 1.8: RVE of trabecular bone showing cubic grid-like lattice, containing both solid 
and fluid phases (excerpted from [29]) 
Other multi-scale frameworks in various stages of development include [30], 
where a self-consistent mean-field method is used to predict mechanical 
properties based on the molecular structure of the constituents, [31] who used 
a nano-scale RVE similar to the one in Figure 1.6 above, along with analytical 
solutions like the Mori-Tanaka and the tension-shear models to predict tissue-
level properties of cortical bone, [32] where cortical bone was studied at five 
successive scales, [33] which is particularly noteworthy for its consideration of 
the presence of fluid inside the cavities of undrained cortical bone, and [34, 
35] where a novel RVE is proposed for fluid-filled cortical bone based on the 
so-called SiNuPrOs structure. Our sampling of the literature in this subsection 
shows that, to date, attention from the multi-scale modelling community has 
been focused for the most part on cortical bone, and particularly on the effect 
of its nanoscale constituents on its overall tissue properties. The organ-level 
variation in apparent density, in cortical and especially in trabecular bone, has 
not yet received sufficient emphasis (noteworthy exceptions include [36] 





work by Hellmich and co-workers [37, 38] which detail a quest for ‘universal’ 
microstructural patterns in bone, and that by Podshivalov and colleagues [39, 
40] where a multidomain-based approach is attempted).  
As a side note, there exists a community of researchers applying so-called 
generalized continuum theories (based on Eringen’s pioneering work on 
micro-continuum fields [41] and nonlocal theories [42]) to investigate the 
hierarchical structure of bone (see, e.g., [43, 44]). Perhaps partly because of 
their complexity, these theories have not yet gained full acceptance even 
within the mechanics community, let alone the bone biomechanics group, and 
are therefore outside the scope of our work.  
1.2 Morphological modelling of bone 
1.2.1 Extant microstructural models of bone 
1.2.1.1 Gibson-Ashby model 
The Gibson-Ashby model was one of the earliest unit cells to be applied in the 
context of bone modelling (Figure 1.9). Proposed in 1982 by Gibson and 
Ashby, it was initially used to understand the relative importance of different 
deformation mechanisms (like cell wall bending and buckling, plastic hinge 





Figure 1.9 Open-celled variant of the Gibson-Ashby model [45] 
The authors also derived semi-empirical power relationships between the 
apparent density, the effective stiffness, and the strength of the structure – 
these relationships were later to prove instrumental in validating and 
comparing other morphological models of bone and their respective 
deformation mechanisms. For example, at low densities, Gibson and Ashby 
discovered that the Young’s modulus 𝐸 of cellular solids can be correlated 
with their density 𝜌 through the following equation: 
𝐸
𝐸𝑡




 .3)  
where 𝐸𝑡 and 𝜌𝑡 are the Young’s modulus and density of the cell wall 
material, and the constants 𝐶 and 𝑛 depend on the microstructure in a complex 
fashion. RobertsGarboczi [46], while investigating this relationship, asserted 
that the constants 𝐶 and 𝑛 depend on the cell character (i.e., open-celled or 
close-celled), the geometrical arrangement of the cell elements (e.g., angle of 
intersection between struts), shape of the cell struts or walls (e.g., cross-





Figure 1.10 Deformation mechanisms in the Gibson-Ashby cell (a) linear elastic strut 
bending (b) cell collapse by elastic buckling (c) plastic yielding, and (d) brittle crushing 
[47] 
In [48], explicit and detailed connections are made between the idealized unit 
cell models and various biological materials, e.g., wood, cork, iris leaves, plant 
stems, porcupine quills (see also [47]). Biomaterials with a cellular structure, 
e.g., titanium foam and collagen-glycosaminoglycan are also described as 
being susceptible of deformation and collapse through mechanisms similar to 
those observed in the idealized unit cell (Figure 1.10). It was also asserted that 
linear elastic deformation in low-density trabecular bone is dominated by 







is associated with the buckling of those struts aligned parallel to the 
compression axis. 
 Recently, the Gibson-Ashby unit cell has been put to good use in somewhat 
different contexts. For example, BayraktarKeaveny [49] incorporated some of 
the findings of Gibson’s cellular solids theory to account for the remarkable 
uniformity of trabecular yield strains measured at specific anatomic sites (see 
Section 1.2.2.2), and YooJasiuk [44] adapted the Gibson-Ashby  unit cell to 
study the couple-stress moduli of trabecular bone with bone marrow intact. 
We undertake a more rigorous and in-depth study of the Gibson-Ashby unit 
cell, with emphasis on its mechanical behaviour and its morphometric 
properties, in Chapter 3. 
1.2.1.2 Kelvin cell (tetrakaidecahedron) model 
The tetrakaidecahedron, sometimes known as the tetradecahedron, is a 
polyhedron with fourteen sides (Figure 1.11). There exist several classes of 
tetrakaidecahedra, based on the number of edges possessed by each of these 
sides and their orientation. The particular class of tetrakaidecahedron that has 
been applied to bone in the past is the truncated octahedron, an Archimedean 
solid. In 1887, Lord Kelvin considered the question of how space could be 
partitioned into cells of equal volume with the least surface area between them 
(i.e., Plateau’s soap-bubble problem), and discovered that the truncated 
octahedron would be the most suitable model [50]. In his honour, the 
tetrakaidecahedron is also known as the Kelvin cell. It may of interest to note 





simulations to suggest a superior solution to the Kelvin problem – the so-
called Weiare-Phelan structure [50]. 
Figure 1.11 The regular tetrakaidecahedron, showing the six square faces and the eight 
hexagonal faces 
Application of the tetrakaidecahedron to bone modelling dates back to the 
mid-1990s, specifically to the works of Zysset and co-workers [51], in which 
an anisotropic variant of the structure was proposed and compared against 
experimental data (Figure 1.12).  
Figure 1.12 The generalized tetrakaidecahedral cell as used by Zysset et al. [51] showing 
the three independent edge lengths and the three independent edge angles 
They investigated both the closed-cell and the open-cell versions of the 
tetrakaidecahedron, and discovered that the structures closely correspond to 
the mechanical behaviour of real trabecular bone for a wide range of volume 





between the fabric tensor of the tetrakaidecahedron and its effective stiffnesses 
and yield behaviour, thereby developing bounds for the effective properties of 
the unit cell. 
Figure 1.13 The open (rod-like) and partially-closed (plate-like) finite element models 
employing 3-node beam elements and 6-node shell elements respectively [51]. Note the 
lack of shell element at the square faces in the latter 
The mathematical relationships between the cell geometry and its mechanical 
properties will be studied in greater depth in Chapter 3. 
More recently, there has been a revival in researchers’ interest in the 
tetrakaidecahedral as a model for bone, with specific emphasis on 
investigating the effects of bone loss and trabecular strut thinning on overall 
bone strength [52].  
1.2.1.3 Voronoi tessellation – based model 
The concept of partitioning space based on a predefined algorithm has been in 
use for a long time [53]. One such algorithm, known as Voronoi tessellation 
(after Georgy Voronoi), or Dirichlet tessellation (after Peter Gustav Lejeune 
Dirichlet), has been applied by several workers in the past in modelling bone 
[54] as well as various other materials (e.g.,[46]). The theory underlying the 





Voronoi sites) on a plane, a Voronoi cell V(s) for point s comprises the set of 
all points closer to generator s than to any other generator. The edges of each 
Voronoi cell V(s) are therefore a set of points that are equidistant to the two 
nearest generators. A Voronoi node is a point that is equidistant to three or 
more generators.  
In the two-dimensional version used by [55, 56], an array of 20 x 20 Voronoi 
sites spaced 1x1 mm apart was generated and their coordinates then perturbed 
by -0.3 to +0.3 mm in each direction (Figure 1.14). Voronoi tessellation was 
then performed using a FORTRAN script. The Voronoi mesh was converted 
to a finite element mesh using beam elements to represent the Voronoi edges.  
 
Figure 1.14 (a) Original Voronoi diagram with black dots depicting Voronoi generators; 
(b) Voronoi diagram subsequent to perturbations of Voronoi sites 
The advantage of Voronoi-based models for bone is the ease with which they 
can be digitally rendered. Commercially available mathematical packages, 
e.g., MATLAB and Maple, have in-built functions for performing Voronoi 
tessellations and are capable of handling very large three-dimensional arrays. 
Subsequent conversion of the Voronoi mesh into the required format for finite 






Voronoi meshes to study the mechanical effects of various parameters, e.g., 
strut tenuity, bone volume fraction, orientation and distribution of struts, etc, 
as described in Section 1.2.2.1 below.  
The disadvantages of Voronoi-based models have to do with the fact that the 
Voronoi cell edges are typically replaced during finite element analysis with 
beam elements of constant cross-section. This results in spurious stress 
concentrations occurring at the vertices between two connected struts, which 
may compromise the veracity of the data and conclusions drawn therefrom. 
Furthermore, the rod-like nature of all trabecular struts generated using 
Voronoi tessellation implies that the model is suitable only for anatomic 
locations where the natural trabecular bone is known to be rod-like, e.g., in the 
vertebral column, and not for locations where the struts may be more plate-
like, e.g, in the high-density regions of the femur [57]. 
More recently, Kim and colleagues [58, 59] have attempted to generate 
Voronoi-based models for entire bone cross-sections using an algorithm that 
distributes Voronoi sites in proportion to the density of the bone at that 
location and then deletes particular struts based on a remodelling rule (Figure 
1.15). This method has resulted in two-dimensional models that bear 
remarkable fidelity to the original bone cross-section, and may be of 






Figure 1.15 Generation of a two-dimensional model of a bone cross-section using 
Voronoi tessellation followed by application of a remodelling rule, showing density-
dependent distribution of Voronoi sites [58] 
1.2.1.4 Perturbed rectangular lattice model 
McDonald et al. [60] chose a simple lattice based on a rectangular grid as a 
model for osteoporotic trabecular bone, specifically in the vertebrae (Figure 
1.16). They asserted that the rod-like nature of vertebral osteoporotic bone 
could be best mimicked by a three-dimensional network of longitudinal and 
transverse struts.   
Figure 1.16 Micro-CT image of aged vertebral trabecular bone (left); Trabecular bone 
model lattice (right) with 0.3 lattice perturbation factor [60] 
To develop their macro-scale model, they first simulated the compression of a 





the building block for assembling larger structures. The addition of an external 
cortical shell surrounding the trabecular core furnished them with a complete 
L3 lumbar vertebral bone, which was then tested computationally and 
validated against experimental results.  
Part of the novelty of this work lies in its use of geometric perturbations to 
capture the inherent irregularity of real bone. Subsequent to the creation of the 
regular lattice structure, the position of each vertex node was perturbed by a 
fixed ‘perturbation factor’ 𝑥% such that its displacement from its original 
position was up to ± 𝑥% of the trabecular spacing value. The actual distance 
moved by each node was randomly assigned based on a Gaussian distribution. 
It has previously been suggested that the geometric irregularity of natural 
trabecular bone may play a pernicious role during ageing by mitigating bone 
strength [56]; hence, it may be important to incorporate this irregularity in 
modelling trabecular bone.  
The limitations of the model are two-fold. Firstly, the rectangular grid-based 
distribution of longitudinal and transverse struts implies that the model is 
suited only to vertebral trabecular bone, and that it cannot be applied directly 
to other anatomic locations where the trabecular network is known to be 
differently oriented. Secondly, the constant cross-sectional areas of the 
individual trabecular struts lead to spuriously high stress concentrations at the 
intersections of two struts. Real bone is known to remodel itself in order to 






1.2.1.5 The doubly-tapered strut model of KimAl-Hassani [61] 
Typical vertebral trabecular bone is known to comprise predominantly 
vertically oriented columns with intermittently horizontal struts that reinforce 
the structure [62]. KimAl-Hassani [61] observe that naturally occurring 
cellular microstructures, including vertebral trabecular bone, have a network 
of doubly-tapered struts that thicken near the strut joints, and point out that 
previous analytical models have failed to take into account the mechanical 
repercussions of the strut taper. They proposed a regular hexagonal cellular 
structure comprising doubly tapered struts as shown in Figure 1.17, and 
investigated the effect of the tapers on the effective mechanical properties as 
well as on the plastic collapse strength. Their results revealed a significant 
increase in the effective Young’s moduli and uniaxial plastic collapse stress in 
the tapered strut model over that with struts of uniform cross-section.  
Despite the advantages of the anisotropic doubly-tapered strut model, the fact 
that it consists of primarily vertical struts with few horizontal struts limits its 
applicability to vertebral bone, whose morphology it closes matches. 
Trabecular bone in other locations of the human anatomy, e.g., the femur, may 
possess different morphology, being isotropic and significantly denser. 





1.2.2  Some applications of morphological models of bone 
1.2.2.1 Understanding the influence of bone loss on stiffness and strength 
Vajjhala et al. [54] used Voronoi tessellation to generate a three-dimensional 
truss structure, which they then analysed using the finite element method. 
Their motivation was primarily to understand the biomechanical significance 
of bone loss through strut thinning and resorption, a phenomenon associated 
with osteoporosis. They aimed to quantify the relative importance of density 
reduction through uniform thinning of struts and that through complete 
removal of struts (analogous to resorption).   
After performing finite element analysis on the resulting structure, the 
effective stiffness and the yield strength of the structure were quantified. Beam 
elements were randomly deleted from the structure to simulate bone loss and 
finite element analyses performed on the resultant structures. The authors 
noted that with decreasing bone density, the effective Young’s modulus 
decreases faster in the case of strut removal than in that of uniform strut 
thinning.  
By extrapolating their findings from three-dimensional cellular structures to 
trabecular bone, the authors concluded that changes in bone density due to 
resorption of trabecular struts would have a more dramatic effect on 
attenuating bone strength and stiffness than those arising due to uniform strut 
thinning alone. The implication of their findings for clinical practice is that 
therapy for osteoporosis should commence at an early stage, when bone is 
being lost primarily due to strut thinning and complete resorption of struts has 





1.2.2.2 Understanding the uniformity of yield strains of trabecular bone 
Here, we outline a recent application of the cellular solids theory (originally 
proposed in [47]) in understanding the uniformity of yield strains for 
trabecular bone [49]. The yield strains of trabecular bone, both at the tissue 
level as well as at the apparent level, have been of interest to researchers as 
they may provide an additional indicator of bone strength (especially given 
that they represent the ratio of yield stress to elastic modulus). It is remarkable 
that, while the strength and moduli of trabecular bone vary across anatomic 
sites by up to an order of magnitude [63], the corresponding variations in yield 
strain are very small (approximately 10% coefficient of variation).  
Bayraktar and Keaveny [49] discovered that the tissue yield strains were 
equivalent to the apparent level yield strains only for tensile loading, not for 
compressive loading (Figure 1.18). The reason they suggested for this 
phenomenon was the highly oriented structure of trabecular bone, whereby 
most of the struts and walls are oriented parallel to the axial direction. 
However, the discrepancy between the tissue yield strain and apparent level 
yield strain in compression was explained by the combined effect of the 
asymmetric strength of trabecular tissue and the presence of slightly obliquely 
oriented trabecular struts, causing tissue-level yielding to occur first in tension 
even for apparent level compressive yielding. The tissue strength asymmetry 
was believed to be responsible for reducing the structural strength in 
compressive loading, resulting in a lowering of the apparent yield strain, in 





Figure 1.18 A central portion of the trabecular specimen showing regions of yielded 
tissue at the apparent level yield points in tension (left) and compression (right). The 
percentage of tissue yielding in tension and compression are also shown [49] 
In order to shed further light on their conclusions, the authors used a simple 
honeycomb structure with oblique struts, together with cellular solids theory 
(Figure 1.19). 
 Figure 1.19 The open-celled rod-based honeycomb structure used by  [49]to understand 
the uniformity of yield strains in tension but not in compression. On the right is a free 
body diagram of a single oblique strut, modelled as a circular cylinder 
They modelled trabecular bone as an open-cell rod-type honeycomb structure 
with struts oriented obliquely in the loading direction, and, using classical 
beam theory, derived analytical solutions for the maximum and minimum 





They then derived the criterion for when tissue yielding will occur first in 
tension, even though the apparent loading is compressive, and plotted it as in 
Figure 1.20. 
Figure 1.20 Graph showing regions where tissue-level yielding occurs first, be it in 
tension or compression, although the apparent level loading is compressive. The shaded 
region represents tissue-level yielding in tension. η is the slenderness ratio, and θ is the 
angle made between the oblique strut and the axis of compressive loading [49] 
The analytical solutions obtained above were then tested using a finite element 
model with a single trabecular strut oriented at 10 degrees to the vertical axis, 
and slenderness ratio of 4.9. The results were similar to those obtained for the 
whole trabecular bone specimens, thereby confirming their hypothesis that the 
tissue strength asymmetry and the presence of slightly obliquely oriented 
trabecular struts sufficiently explain the differences in tissue level yield mode 
distribution and the ratios of apparent to tissue level yield strains in 
compressive and tensile loading. 
On a critical and somewhat digressive note, we opine that one of the authors’ 
assumptions in this work may be crucially limiting. As a secondary objective, 
they attempted to quantify the amount of elastic bending (i.e., large 





analysis to investigate this phenomenon. They reported that linear elastic 
analysis revealed only a small amount of bending of individual trabecular 
struts. However, we are aware that the use of linear elastic finite element 
analysis (i.e., the use of purely linear elastic tissue material in an analysis with 
apparent level loading) is limited to considerations of only elastic bending 
and/or buckling of the struts. The crucial possibility of inelastic bending 
and/or buckling (also known as Engesser buckling) is not accounted for in 
their analysis (and in other recent works, e.g.,[64]). In other words, the 
authors’ discrimination between nonlinearities arising from the material 
properties (i.e., material nonlinearities) and those arising due to large 
deformation bending or buckling (i.e., geometric nonlinearities) may itself be 
spurious. Engesser buckling (discussed in Section 1.3.3.2.2 below) considers 
the synergistic effect of both types of nonlinearity occurring simultaneously in 
a given strut. Furthermore, it is important to mention the work by Townsend et 
al. [65], in which the authors performed experimental tests on single trabecular 
struts, subjecting them to compression and observing their mechanisms of 
buckling1. They concluded that the buckling of individual trabecular struts 
must necessarily be inelastic (i.e., according to the Engesser equation). It is 
our belief that incorporation of the possibility of Engesser buckling in the 
failure analysis of trabecular bone would furnish us with important 
information regarding the interrelationships between tissue level material 
properties and macro-level failure mechanisms (Section 1.3.3.2.2 and also 
Chapter 6 below).  
                                                 
1 The majority of the 140 or so citations of this work (based on Google Scholar) pertains to the 
other important result mentioned in this work, namely, the value of the Young’s modulus of 
bone tissue, and is oblivious to the result of interest to us, namely, that pertaining to the 





1.3 Mechanisms of bone degeneration and failure 
1.3.1 Ageing 
Ageing is known to play a major role in modifying the geometry and 
mechanical properties of the skeleton. The frequency of hip fractures is greater 
in elderly populations than in younger ones [66-68]. This trend may be due to 
a combination of trabecular bone loss, cortical thinning, and increased outer 
cortical diameter [69].  
Trabecular bone loss occurs when the rate of bone resorption exceeds that of 
bone deposition. Various factors may speed up the rate of trabecular bone loss, 
for example, menopause and metabolic diseases like osteoporosis. Cortical 
thinning is known to occur during ageing, as bone is resorbed at the endosteal 
surface much faster than it is deposited at the periosteal surface. Lastly, the 
outer diameter of the cortex expands with age. This phenomenon is thought to 
be an adaptation mechanism to maintain the section modulus of the bone 
during ageing, in order to preserve bone integrity during physiological 
loading. 
Several researchers (e.g., [70], [71]) have attempted to quantify more precisely 
the effect of ageing on individual bone properties, e.g., the percentage 
decrease of trabecular density per decade, or the rate of expansion of cortical 
diameter. These studies are often subject to substantial statistical scatter and 
conclusions drawn therefrom are often not representative of other sample sets 
obtained from different age-groups or races (Figure 1.21). Nevertheless, they 
provide important insight into the adaptive strategies recruited by the human 





Figure 1.21 Regression of trabecular thickness on age in the femur [70]  
1.3.2 Osteoporosis and osteopenia 
The terms osteoporosis and osteopenia have been variously used and 
interpreted over the years, and their current connotations are vague [72]. Both 
terms generally refer to a condition whereby bone mass (or bone density) is 
decreased, resulting in an increase in the risk of fracture. Generally, the term 
osteopenia is used to refer particularly to the condition of low bone density, 
while the term osteoporosis is used to place more emphasis on the increased 
fracture likelihood of low density bone. Osteoporotic fractures are those that 
occur in subjects that are suffering from osteoporosis – owing to their severely 
decreased bone density, bones of osteoporotic subjects are often susceptible of 
catastrophic fracture following even a relatively low-impact stumble or fall 
(so-called ‘non-traumatic fractures’ [73]).  
It has been argued [74] that osteoporosis should not be classified as a disease, 
but merely as one of the normal manifestations of ageing in humans. In fact, 
from the engineering point of view, there has been no evidence of any 
mechanical phenomenon coming into play peculiarly in osteoporosis that is 





modelling osteoporosis and/or ageing (e.g., [75]), or studying their effects on 
bone mechanical properties (e.g., [52]), have frequently resorted to decreasing 
the apparent density of trabecular bone to a chosen degree.  
1.3.3 Mechanics of micro-scale (trabecular-level) failure 
1.3.3.1 Strut yielding 
By way of terminology, it is to be noted that, in the context of trabeculae level 
studies in this work, we use the term trabecular strut in its most generic sense 
to denote any of the individual trabecular spicules (or ligaments, or rods and 
plates, at any orientation), notwithstanding the fact that, in standard texts on 
mechanics (e.g., [76]) the term strut is used in a very special sense to mean 
columns of very small slenderness ratio.  
The majority of numerical investigations undertaken at the micro-scale assign 
purely linear elastic material properties to the trabecular tissue (e.g., [7, 12, 77, 
78]), implying that the possibility of material yield and associated phenomena 
are a priori ruled out. The primary advantage of such linear FE analyses is that 
they enable the researchers to focus their computational power on aspects of 
the study that are not influenced by the possibility of tissue yield.  
However, of recent, more workers have begun to incorporate some form of 
tissue-level yield criterion in their choice of material properties [79]. One of 
the common nonlinear constitutive models used for trabecular tissue assumes 
elastic perfectly-plastic material with constant yield strength in both tension 
and compression [21, 52]. A somewhat more complex variant is the bilinear 





and tissue strengths being either asymmetric or symmetric in tension and 
compression [79-81].  
At the moment, the mechanisms underlying post-yield behaviour of bone 
tissue are poorly understood – a recent review article [22] mentions “ductile 
failure modes [82] involving microcrack damage combined with a plasticity 
component originating from the collagen fibres [83, 84]”. Therefore, 
contemporary constitutive models for bone tissue are based primarily on 
phenomenological considerations and fitting of empirical data; more research 
has to be done to understand failure and damage mechanisms at the lower 
(nanometer) level in order to eventually obtain a more reliable basis for 
constitutive modelling at the tissue level. 
1.3.3.2 Strut buckling 
Buckling is defined as “the sudden, large, lateral deflection of a column owing 
to a small increase in an existing compressive load” [76]. It has been 
suggested sporadically in the literature that buckling of trabecular struts, 
especially in regions of low volume fraction, may play a significant role in 








Figure 1.22 Reflected light photomicrograph of bovine trabecular bone tested in uniaxial 
strain to 15% compression, showing buckling of one trabecula and shear failure of 
another (from [85]) 
Depending on the nature of the constitutive law assigned to model the tissue 
material and the slenderness ratios of the trabecular struts, the latter can fail 
according to two different mechanisms: Euler (elastic) buckling and Engesser 
(inelastic) buckling. 
1.3.3.2.1 Euler (elastic) buckling 
For pin-ended columns, the Euler equation gives the critical load, 𝑃𝑐𝑐 as: 
𝑃𝑐𝑐 = 𝜋2𝐸𝐸𝐿2  .4)  
where: 
𝐸: Young’s modulus 
𝐸: moment of inertia of the column cross-section 






By expressing the moment of inertia in terms of the cross-sectional area 𝐴 and 





2  .5)  
The term (𝐿/𝑅) is called the slenderness ratio of the column and is used to 
classify columns into short, intermediate and long columns, each with its own 
peculiar failure mechanisms. Long columns are known to fail by Euler 
buckling at an axial stress below the proportionality limit of the material. Short 
columns usually fail by yielding (or crushing) when the axial stress exceeds 
the proportionality limit (or strength) of the material. Intermediate columns are 
most interesting because they do not fail by direct compression (as in short 
columns) or by elastic instability (as in long columns), but by a more complex 
mechanism called inelastic (or Engesser) buckling. 
1.3.3.2.2 Engesser (inelastic) buckling 
Inelastic buckling occurs in columns of intermediate slenderness ratio whose 
material is elastoplastic or nonlinearly elastic, when the axial compressive 
stress exceeds the proportionality limit. For these cases, Engesser proposed the 
so-called tangent-modulus theory, using which he derived the critical stress to 
be: 
𝑃𝑐𝑐 = 𝜋2𝐸𝑡𝐸𝐿2  .6)  






𝐸𝑡 = 𝑑𝑑/𝑑𝑑 .7)  
In other words, Engesser buckling accounts for cases where material 
nonlinearity (i.e., yielding of short columns) can no longer be considered 
independently of geometric nonlinearity (i.e., the large-deformation bending or 
buckling of slender columns). The two phenomena instead interact to further 
decrease the critical stress that the intermediate column can support.  
In the context of bone, Townsend and Rose [65] performed experimental tests 
by compressing individual trabecular struts and concluded that the in vivo 
buckling of the latter must necessarily be inelastic (see also the brief 
discussion in [86], pp. 328-229). More recently, McDonald [87] undertook FE 
analyses to investigate the effects of inelastic buckling in the vertebral 
trabecular core.  
We pursue more detailed studies on the interrelationships between strut 
yielding and buckling (both elastic and inelastic) in Chapter 6 below, where 
more details can be found. 
1.3.4 Mechanics of macro-scale (femur-level) failure 
At the macro-scale, several criteria have been applied to diagnose failure in 
different contexts to varying degrees of success. Generally, most failure 
criteria hitherto employed in bone modelling fall into one of the following two 
classes: ductile failure with considerable plastic strain, or brittle cracking. The 
former appear to be more common [88], since they are easier to implement in 
standard commercially available FE software. The latter, on the other hand, 
rely on theories developed from fracture mechanics and are typically more 





1.3.4.1 Yielding and/or plastic collapse 
Keyak and Rossi [89], underscoring our poor understanding of the macro-level 
failure of bone, reviewed the performance of nine stress and strain-based 
failure theories against experimentally obtained failure data of the proximal 
femur and discovered that there was substantial disparity between the 
theoretical predictions and experimental values. They suggested that two 
criteria in particular, namely, those based on the distortion energy and on the 
maximum shear stress, came closest to experimental results and should be 
further investigated under different loading conditions. They also pointed out 
the discrepancy between their conclusions (i.e., that stress-based failure 
criteria better predicted experimental data) and those of [90] which indicate 
the superiority of strain-based failure criteria.  
A further complication arises when one aims to find out whether the macro-
scale behaviour of the proximal femur is linearly elastic up to failure or shows 
clearly recognizable signs of irreversible yielding. There have been studies 
claiming that either is true to the exclusion of the other; Juszczyk et al. [91] 
recently surveyed a large number of experimental studies of the human 
proximal femur and suggested that, under physiological loading conditions 
(i.e., stance mode), the force-displacement graphs at the structural level are 
linearly elastic. Further, they dismissed results to the contrary obtained by 
other researchers [92] as lacking a clearly defined yield point.  
At the moment, the choice of macro-scale failure criteria remains an open 
question and, as such, we shall adopt in our work the one that is most 





1.3.4.2 Brittle failure following crack propagation 
The possibility of crack growth as a primary failure mechanism in bone 
(especially in very dense cortical bone) is being explored with increasing 
interest nowadays [93-95]. It is thought that micro-cracking during cyclic 
loading may help to dissipate impact loads through the formation of new bone 
surfaces (due to the increase in surface energy) of the cracked bone and that 
micro-cracks may play an important role in increasing the fracture toughness 
of cortical bone [96]. Owing to the fact that researchers have not yet reached a 
clear consensus on the role of cracks in bone failure and the paucity of 
numerical studies on crack propagation in the femur, we did not take account 
of this phenomenon in our own work and instead chose better-established 
macro-scale failure mechanisms based on metal-like plasticity. 
1.3.4.3 Catastrophic buckling 
Lastly, there have been some reports of structural buckling occurring at the 
femur scale, especially in elderly bones where the cortical bone has thinned 
substantially and the trabecular density has been severely decreased due to 
ageing or osteoporosis [66, 97]. If viable, this phenomenon could be treated as 
a case where the entire proximal femur behaved as one column with eccentric 
loading that undergoes buckling once a critical load is exceeded. However, 
experimental evidence of this phenomenon is still tenuous. 
1.4 Aims and Objectives of Our Study 
The aim of our study was to propose a novel morphological model for 





mechanical behaviour and the deformation mechanisms at different 
hierarchical levels of the human proximal femur. 
More specifically, our objectives were five-fold: 
• To propose a unit cell for trabecular bone based on the triply-periodic 
minimal surface solid called the gyroid; 
• To compare the mechanical behaviour and morphometric properties of 
this gyroid-based unit cell against real bone and other previously 
proposed models for trabecular bone; 
• To employ the gyroid-based unit cell in a non-concurrent dual-scale 
analysis of the human proximal femur to study the effect of trabecular 
bone deformation mechanisms on macro-scale (i.e., femur-level) 
mechanical behaviour; 
• To use the gyroid-based unit cell to generate a femoral neck structure 
with realistic geometry and density distribution, in order to study its 
macroscopic yield behaviour under different types of loading; 
• To improve our understanding of the relationship between micro-scale 
(i.e., trabecular-level) deformation mechanisms and the macro-scale 
yield behaviour of the femoral neck structure. 
Overall, the thesis may be divided into two parts: Chapters 2 – 4 focus largely 
on developing micro-scale models representative of bone, while Chapters 5 
and 6 demonstrate macro-scale applications of the chosen micro-scale model 
(the gyroid-based unit cell) in studying the femur.  
 




Chapter 2. The gyroid-based unit cell as a model for femoral bone 
“… and He shows you His signs, that haply 
you may have understanding.” 
 (Al-Baqarah, verse 67) 
 
The biomechanics of trabecular bone has been intensively studied over the last 
four decades, with current emphasis on characterizing the mechanical 
properties as functions of variables like volume fraction and age [12]. In the 
context of bone quality assessment, it has been proposed that trabecular bone 
micro-architecture plays a significant role in fracture risk prediction [20, 98]. 
For example, it has been suggested that excessive trabecular thinning and loss 
of connectivity during ageing predispose trabeculae to large-deformation 
failure (by buckling) [20, 69]. Of especial clinical importance is knowledge of 
how ageing, drugs, and diseases like osteoporosis compromise overall bone 
strength by modifying trabecular bone microstructure.  
With recent advances in computational techniques and processing power, 
numerical methods like finite element analysis (FEA) have become standard 
tools for the evaluation of bone mechanical behavior, both at the macro-scale 
and at the micro-scale. In macro-scale continuum-based finite element (FE) 
models, FE meshes are generated based on computed tomography (CT) 
images [7]. CT images of bone contain information on the bone shape and 
density distribution. Based on the density, material properties (e.g., stiffness) 
can be assigned to the FE model. Macro-scale mapping techniques based on 
empirically obtained density-modulus relationships suffer a fundamental flaw 




in that they do not account for trabecular microstructure, which is not captured 
in CT images. Absence of microstructural information in the FE model implies 
that important geometrically nonlinear phenomena like buckling cannot be 
accounted for in the analysis [7], yet such phenomena may be crucial in 
assessing bone quality [21].  
The above-mentioned limitation of continuum-based FE models can be 
circumvented by employing so-called micro-FE models [99]. Here, instead of 
low-resolution CT images, trabecular architecture is accurately captured by the 
use of high-resolution micro-computed tomography (micro-CT). These micro-
CT images can then be converted into micro-FE models using voxel-based 
conversion techniques [100]. This modelling approach incorporates the full 
trabecular architecture and obviates the need for stochastic density-modulus 
relationships. However, micro-CT images are difficult to obtain in clinical 
settings owing to the extremely high radiation dosage required [7]. 
Furthermore, extant micro-CT technology only permits scanning of peripheral 
sites like the ankle and wrist, owing to intrinsic limitations in the machine 
design and capability [7]. Hence, in vivo micro-structural information of other 
important sites, especially the femur, is currently impossible to obtain, and, as 
such, micro-FEA remains a laboratory-based research technique [7].  
In order to address these shortcomings of continuum-based FEA, researchers 
have attempted to utilize various morphological models for trabecular bone. 
Such models could be used to “fill in” microstructural information where only 
CT images are available. The feasibility of a given model is dependent upon 
the simplicity of its generation (i.e., the number of independent parameters 




required to construct the model in silico), and its ability to replicate relevant 
mechanical properties of real bone. For example, in [54], a 3D Voronoi 
algorithm was employed to obtain aperiodic random open-cell honeycombs for 
bone strength investigations. In [44], trabecular bone was modelled as a 
periodic cellular structure made of open cubic cells. The thicknesses of the 
parellelepipedic struts employed in creating the unit cell were varied to 
generate representative volume elements (RVEs) of different volume fractions. 
To mimic the irregular structure of osteoporotic lumbar vertebra, [101] 
imposed lattice perturbations on an originally perfect lattice grid. A 
shortcoming of the above models is that the trabeculae are being modelled as 
struts of constant cross-sectional area; therefore, the models manifest 
unusually high stress concentrations at the intersections of two struts. This 
limitation is overcome in [61], where an analytical cell model comprising 
doubly tapered struts was used to predict the mechanical properties of 
vertebral bone. However, the hexagonal columnar structure described is suited 
primarily to vertebral bone and is thus region-specific. Thus, there is still a 
need for a simple model that can mimic the mechanical properties of human 
trabecular bone.  
In this chapter, we propose a novel model for trabecular bone based on the 
minimal surface family of solids. We investigate the feasibility of a minimal 
surface solid, called the gyroid, in modelling trabecular bone. We hypothesize 
that the gyroid provides an easy-to-construct model that captures relevant 
mechanical properties of trabecular bone, while avoiding the shortcomings of 
existing techniques. As such, gyroid-based unit cells can be used to obtain 




large-scale nonlinear FE models of whole bone, for clinically viable, accurate 
fracture prediction. 
2.1 Generation of gyroid-based unit cell 
A minimal surface is one which has mean curvature of zero at every point. In 
other words, subject to some constraints like total volume, minimal surface 
solids possess minimized total surface energy [102]. The three well-known 
cubic minimal surfaces are the primitive or P-surface, the diamond or D-
surface, and the gyroid or G-surface [103-105]. In this study, we chose the 
gyroid to model trabecular bone as it resembles the trabecular structure most 
closely. The simplest gyroid equation is given below.  
For any (𝑥,𝑦, 𝑧) ∈ 𝑅3, 
𝑓(𝑥,𝑦, 𝑧) = 𝑠𝑠𝑛 𝑥 𝑐𝑐𝑠 𝑦 + 𝑠𝑠𝑛 𝑦 𝑐𝑐𝑠 𝑧 + 𝑐𝑐𝑠 𝑥 𝑠𝑠𝑛 𝑧 (2.1)  
Subsequently, the gyroid domain is binarized in order to obtain a unit cell 
containing either bone (binary 1), or space (binary 0). The binarization 
equation is described below. 
𝑔(𝑥,𝑦, 𝑧) =  � 1 (𝑏𝑐𝑛𝑏), 𝑠𝑓 𝑓(𝑥,𝑦, 𝑧) < 𝑡0 (𝑠𝑠𝑎𝑐𝑏), 𝑠𝑓 𝑓(𝑥,𝑦, 𝑧) ≥ 𝑡 (2.2)  
Human trabecular bone is known to possess a wide range of volume fractions 
(Vf), depending on the anatomical site, age, and other factors. By varying the 
value of t, we can modify the amount of bone in the unit cell, i.e., decreasing 
the value of t reduces the amount of bone, and therefore the Vf of the unit cell, 
and vice versa (Figure 2.1). Note that, in this work, Vf is defined as the ratio of 




the bone volume (BV) to the total volume (TV) of the bounding box, i.e., 
𝑉𝑓 =  𝐵𝑉/𝑇𝑉. A total of 7 gyroids is generated for a Vf range between ~10% 
and ~90%. 
Figure 2.1 Gyroid-based unit cell, (a) showing the threshold surface corresponding to t = 
-1; (b) after binarization, corresponding to t = -0.87 
The dimensions of the gyroid structures were set to be 2x2x2 mm3. This value 
was based on a number of considerations, the primary one being its eventual 
intended application in a dual-scale analysis of bone. The gyroid unit cell 
would serve as a microstructure from which effective macro-scale material 
properties could be obtained for importing into a macro-scale analysis. For 
such multi-scale problems, Hill’s condition [106] supplies an estimate of the 
microstructural size [107]. Hill’s condition stipulates that the size of the 
microstructural RVE must be big enough to manifest a small micro-fluctuation 
field relative to its size. In our context, the RVE dimensions must be 
significantly greater than those of the trabecular struts located therein. Since 
the mean trabecular thickness is approximately 100 µm [108], we believe that 
(a) (b) 




2 mm is sufficiently large for the RVE size. The upper constraint for the RVE 
size arises from the fact that it must be small relative to the macroscopic 
structure (i.e., the bone). At certain locations of the femur bone (e.g., the 
femoral neck), the diameter may be as small as 32mm [109, 110]. Hence, we 
chose 2x2x2 mm3 as a suitable size for our RVE. 
2.2 Morphometric analysis of gyroid-based unit cell 
To quantitatively assess the morphological resemblance of the gyroid structure 
to trabecular bone, we employed the plug-in BoneJ [111] with the imaging 
software ImageJ [112] to calculate the following histomorphometric 
parameters for the gyroid structure: trabecular thickness (𝑇𝑏.𝑇ℎ), trabecular 
separation (𝑇𝑏. 𝑆𝑠), and Structure Model Index (𝑆𝑆𝐸). We compared these 
values with those in the published literature that were empirically obtained for 
real bone. 
Vf (%) 𝑇𝑏.𝑇ℎ (mean, µm) 𝑇𝑏. 𝑆𝑠 (mean, µm) 𝑆𝑆𝐸 
11.0 216.91 712.98 2.955 
24.7 296.03 627.49 2.719 
34.6 381.79 539.07 2.363 
42.8 459.17 459.16 1.897 
Table 2.1 Morphometric parameters for the gyroid structure (Vf: volume fraction; 
Tb.Th: trabecular thickness; Tb.Sp: trabecular separation; SMI: Structure Model 
Index) 
The morphometric parameters of the gyroid structure (Table 2.1) were seen to 
fall within the range reported for real trabecular bone. The 𝑇𝑏.𝑇ℎ values of the 
gyroid ranged from 216.91 µm to 459.17 µm, corresponding to Vf of 11% and 
42.8%, respectively, in favourable comparison with [113], whose graphs 
indicate a range of approximately 80 µm to 520 µm for the femoral head. 
The 𝑇𝑏. 𝑆𝑠 of the gyroid ranged from 459.16 µm to 712.98 µm, again 




corresponding to Vf of 11% and 42.8%, respectively, again comparing 
reasonably well with [114], whose graphs reveal a range of approximately 450 
µm to 1000 µm in the femur. The SMI values of the gyroid ranged from 
approximately 1.8 to 2.9, fitting reasonably well within the range plotted by 
[113].  
2.3 Addition of geometric irregularities 
The gyroid models created contained perfectly smooth surfaces. Such 
perfectly periodic structures are expected to overestimate the strength of their 
natural counterparts. Visual inspection of trabecular bone shows that 
individual trabecular struts are never perfectly smooth as they contain 
numerous ‘pits’ and ‘mounds’, known as Howship’s lacunae, along their 
surfaces. Therefore, it was imperative to introduce geometric irregularities into 
the gyroid model.  













Geometric irregularities were computationally imposed on the gyroid model 
by eroding small volumes of bone material from randomised locations along 
the surface, and then randomly depositing similar volumes of bone material 
onto the gyroid surface at different locations (Figure 2.2).  
The gyroid models thus produced lost a small degree of their periodicity due to 
the presence of small ‘pits’ and ‘mounds’ on their surfaces. However, the Vf of 
the resultant gyroid is approximately identical with the original model. 
Gyroids of some typical Vfs are shown in Figure 2.3, together with their 
associated t values. 
Figure 2.3 (a) Vf  = 17% (t = -0.87); (b) Vf  ~ 25% (t = -0.62); (c) Vf  ~ 35% (t = -0.31); 
(d) Vf  ~45% (t = 0). Note: (a) is rendered before addition of geometric irregularities, 
while (b) – (d) are are rendered after addition of geometric irregularities. ‘Pits’ and 
‘mounds’ can be seen on the surface of the unit cells in (b) to (d). 
(a) (b) 
(c) (d) 




2.4 Determination of mechanical properties using FEA 
2.4.1 Material properties 
In this work, we shall distinguish between tissue properties and apparent 
properties. In accordance with literature [60], we designate ‘tissue’ properties 
to mean those obtained at the micro-level, i.e., for the trabecular bone tissue. 
On the other hand, ‘apparent’ properties refer to the trabecular bone 
mechanical properties at the macro-level, without any reference to trabecular 
microarchitecture. Hence, for example, apparent elastic modulus denotes the 
homogenized stiffness of a sample of trabecular bone with porosities present. 
Also, note that, assuming that the tissue density is 1.8 g/cm3 [5], the relation 
between apparent density, 𝜌𝑎𝑎𝑎, and Vf is given by: 
𝜌𝑎𝑎𝑎(𝑔/𝑐𝑚3) = 𝑉𝑓 × 1.8 (2.3)  
The literature contains a vast range of values for trabecular tissue elastic 
moduli and Poisson’s ratio. Further complications arise when deciding how to 
incorporate the plastic regime into the material properties. In this work, we 
followed the work of [80] in assigning material properties to trabecular bone. 
A bilinear elastic-plastic material was chosen for our analysis, with tissue 
elastic modulus 𝐸𝑡𝑡𝑡𝑡𝑡𝑡 =  18 𝐺𝑃𝑎 before yield, and a post-yield modulus of 
5% of 𝐸𝑡𝑡𝑡𝑡𝑡𝑡. The 0.2% offset yield strain in compression was taken as 
1.04%. For the sake of simplicity, our FE analyses assumed tissue strength 
symmetry in compression and tension [52, 79]. 




2.4.2 Boundary conditions 
The gyroid structure is triply periodic, i.e., it is periodic along each of the three 
axes. We thus applied compression in one direction only, knowing that the 
mechanical response is identical along the other two directions. We chose to 
apply compression instead of tension because we wished to validate the 
structure against published experimental studies [5, 115-118] which usually 
employ compressive loading. Based on this rationale, we imposed a 
compressive strain of 50% by displacing the top surface of the gyroid unit cell, 
while keeping the bottom surface fixed. Furthermore, to simulate the effect of 
adjacent unit cells, we applied periodic boundary conditions on opposite faces 
of the unit cell. 
2.4.3 Finite element analysis 
The gyroid unit cells were meshed with tetrahedral elements (C3D4) using 
ABAQUS finite element program [119]. Both geometrically linear and 
nonlinear analyses were performed using ABAQUS software. Geometrically 
nonlinear simulations account for the possibility of large deformations, i.e., 
buckling, in the structure. Similar FE analyses are performed for all the 7 
gyroid models created above, i.e., for 𝑉𝑓 of ~10% to ~90%. The finite element 
meshes contained approximately 45000 nodes and 230000 elements (Figure 
2.4).  
To assess mesh convergence, we generated a finer mesh with approximately 
240000 nodes and 840000 elements (i.e., a 4-fold increase in number of 
elements) and performed identical simulations. 




Figure 2.4 Typical finite element mesh of gyroid-based unit cell 
2.4.4 Homogenization  
Homogenization of trabecular bone involves finding the equivalent 
mechanical properties of the unit cell. By equivalent mechanical properties, 
we mean that the tissue properties are ‘smeared’ onto the volume of the 
bounding box. In other words, a continuum-model of the unit cell would have 
to possess these equivalent mechanical properties, in order to mimic the effect 
of the gyroid unit cell.  
To obtain the homogenized engineering stress, we calculated the sum of the 
reaction forces at the top surface of the unit cell and divided it by the cross-
sectional area of the undeformed unit cell [77]. Then, dividing the deformed 
height of the unit cell by the original height provided the homogenized 
engineering strain at any stage of the compression. The homogenized elastic 
modulus, 𝐸, defined as the ratio of the engineering stress to the engineering 
strain, was computed for each of the gyroid models by calculating the ratio of 
the homogenized stress to strain at infinitesimal strains. 





The typical von Mises’ stress contours on the gyroid-based unit cell of Vf  = 
25% are shown in Figure 2.5. The corresponding homogenized elastic 
modulus is calculated from the stress-strain graph (Figure 2.6) for the same 
gyroid.  
In order to validate the gyroid model, we have graphically depicted the 
homogenized stress-strain graph (Figure 2.7) of a typical gyroid model (Vf = 
17%), against a published graph showing sample stress-strain curves for small 
and large-deformation analyses of a trabecular specimen under compressive 
loading [20].  
The graphs for the gyroid are found to be reasonably close to the published 
graph. The geometric irregularities introduce points of weakness into the 
structure and are thus effective in decreasing the strength of the gyroid model. 
Furthermore, it is seen from the graphs that geometrically nonlinear 
phenomena do compromise the stiffness of the model, and therefore need to be 
incorporated in bone quality assessment. 
The homogenized elastic moduli were calculated for the gyroids of varying Vf. 
A power-law relationship, i.e., 𝐸 (GPa) = 𝐴 × (%𝑉𝑓)𝑏 was used to fit the 
data. To facilitate comparison with the existing literature [5], we converted the 
Vf into 𝜌𝑎𝑎𝑎 and plotted the graph of 𝐸 (GPa) against 𝜌𝑎𝑎𝑎  (g/cm3) for the 
gyroid, as well as for other published empirical relations for the femur bone 
(Figure 2.8). A power-law relationship was similarly used to fit the data for E 
vs. 𝜌𝑎𝑎𝑎.  




Figure 2.5 Stress contours showing von Mises’ stress on the gyroid of Vf  = 25% 
 
Figure 2.6 Homogenized stress-strain graph for the gyroid-based unit cell of 𝑽𝑽 = 25%, 



























Figure 2.7 Homogenized stress-strain graphs depicting the compressive behavior of the 
gyroid under small and large deformations. A graph from [20] is re-plotted and 
superposed for comparison 
 
Figure 2.8 Graph showing small-strain elastic moduli of gyroid structure against 
apparent density. Graphs depicting published data [115-118] on the human femur are 

















Gyroid - small deformation (without irregularities)
Gyroid - large deformation (without irregularities)
Gyroid - large deformation (with irregularities)
(Bevill et al., 2006, replotted) - small deformation
(Bevill et al., 2006, replotted) - large deformation
y = 5.5856x2.1266 



















Human proximal femur (Ciarelli et al., 2000)
Human femoral neck (Morgan et al., 2003)
Human distal femur (Kaneko et al., 2004)
Human femur (Keller et al., 1994)
Tissue modulus




Increasing the mesh density had no significant effect on the homogenized 
initial stiffness, though it substantially slowed computations (Table 2.2). 
Furthermore, while the simulations using the original mesh achieved target 
homogenized strains of up to 5%, those using the fine mesh aborted at very 
low strains (~0.25%) due to severe mesh distortions. 
Mesh density Original mesh Fine mesh 
Number of nodes 45889 238684 
Number of elements (C3D4) 226480 837748 
Homogenized initial stiffness 
(MPa) 2780.2 2829.0 
% error in initial stiffness - 1.8 
Table 2.2 Results of mesh convergence study on the gyroid-based unit cell 
2.6 Adaptations of the gyroid-based unit cell: 
2.6.1 For regions of very low 𝑽𝑽 
One of the shortcomings of the above-described algorithm for generating 
gyroid-based unit cells is that, at very low values of 𝑉𝑓  (below approximately 
5%), it produces structures whose struts are disconnected from each other 
(Figure 2.9). This occurs whenever the level-set surfaces defined by the 
chosen threshold 𝑡 intersect with each other. Typically, this process occurs at 
the mid-point between two strut junctions, i.e., at the mid-span of the strut, 
owing to their tapered geometry. Disconnected struts cause severe meshing 
difficulties and also lead to spurious reductions in structural strength and 
stiffness.  




Since the 𝑉𝑓 of human trabecular bone may decrease to values below 5%, 
especially in cases of severe osteoporosis, it is imperative to modify the gyroid 
equation in order to be able to generate models of 𝑉𝑓 in the range < 5%. 
 
Figure 2.9 Gyroid-based unit cells for decreasing values of 𝒕, showing the disconnected 
struts at very low 𝑽𝑽 
The method we propose is to isolate the skeleton graph of the gyroid equation 
and then use it as the basic equation for rendering unit cells. The skeleton 
graph of the gyroid equation is given by the following equation [120]: 
For any (𝑥,𝑦, 𝑧) ∈ 𝑅3, 
𝑠(𝑥,𝑦, 𝑧) = 10.0(cos 𝑥 sin𝑦 + cos 𝑦 sin 𝑧 + cos 𝑧 sin 𝑥) −0.5(cos 2𝑥 cos 2𝑦 + cos 2𝑦 cos 2𝑧 + cos 2𝑧 cos 2𝑥) − 14.0  (2.4)  
𝑡 = 0.0 
𝑉𝑓 = 50%  𝑡 = −0.3 𝑉𝑓 = 40%  𝑡 = −1 𝑉𝑓 = 17%  
𝑡 = −1.1 
𝑉𝑓 = 13.5% 𝑡 = −1.3 𝑉𝑓 = 6.1% 𝑡 = −1.425 𝑉𝑓 = 1.3% 




Subsequently, as before, the skeletal gyroid domain is binarized in order to 
obtain a unit cell containing either bone (binary 1), or space (binary 0). The 
binarization equation is described below. 
𝑙(𝑥,𝑦, 𝑧) =  � 1 (𝑏𝑐𝑛𝑏), 𝑠𝑓 𝑠(𝑥, 𝑦, 𝑧) > 𝑡0 (𝑠𝑠𝑎𝑐𝑏), 𝑠𝑓 𝑠(𝑥,𝑦, 𝑧) ≤ 𝑡 (2.5)  
Rasterization of the three-dimensional array 𝑙 thus generated reveals gyroid 
skeleton-based unit cells whose structures remain connected at 𝑉𝑓s as low as 
1% (Figure 2.10). Therefore, the gyroid skeleton-based unit cell can be used to 
replace the original gyroid-based unit cell when a user needs to generate 
models of bone of very low 𝑉𝑓s, for example, when studying the mechanical 
behaviour and deformation mechanisms of osteoporotic bone. 
Figure 2.10 Unit cells based on the skeleton of the gyroid equation, showing struts still 
connected at 𝑽𝑽 as low as 0.9% 
2.6.2 For modelling vertebral trabecular bone resembling cubic lattice-
like structures 
The human vertebral trabecular bone is known to resemble cubic grid-like 
structures, with vertical struts bearing loads primarily in compression and the 
horizontal ones providing reinforcement to the vertical ones. In the literature, 
𝑡 = 0.0 
𝑉𝑓 = 3.3%  𝑡 = 0.5 𝑉𝑓 = 1.3%  𝑡 = 0.6 𝑉𝑓 = 0.9%  




researchers have resorted to computer-aided design software to draw simple 
cubic-grid structures [29] (Figure 2.11). 
Figure 2.11 (a) Human vertebral trabecular bone, showing cubic grid-like structure [39] 
(free for non-commercial use), and (b) unit cell used by Wang et al[40] to model 
vertebral trabecular bone  
One shortcoming of this cubic grid-like structure is that its struts meet at right 
angles to each other, manifesting unnaturally high stress concentrations at 
these junctions. Real human bone is known to remodel itself in such a manner 
as to minimize sharp junctions which could result in high stress 
concentrations. On this account, the CAD-based cubic grid-like models are 
rather poor models for human vertebral trabecular bone.  
Although vertebral trabecular bone is not the focus of our work, we mention it 
to demonstrate the versatility of the minimal surface solid models in 
representing cellular periodic structures. The gyroid-based unit cell described 
above cannot directly be used to create cubic grid-like structures. In its place, 
we here propose to use the skeletal graph of another member of the minimal 
surface family, called the “primitive” surface [121], to generate structures that 
best resemble vertebral trabecular bone.  
(a) (b) 




For any (𝑥,𝑦, 𝑧) ∈ 𝑅3, we have [120] 
𝑠(𝑥,𝑦, 𝑧) = 10.0(cos 𝑥 + cos 𝑦 + cos 𝑧) − 5.1(cos 𝑥 cos𝑦 +cos 𝑦 cos 𝑧 + cos 𝑧 cos 𝑥) − 14.6  (2.6)  
Subsequently, as before, the skeletal primitive domain is binarized in order to 
obtain a unit cell containing either bone (binary 1), or space (binary 0). The 
binarization equation is described below. 
𝑣(𝑥,𝑦, 𝑧) =  � 1 (𝑏𝑐𝑛𝑏), 𝑠𝑓 𝑠(𝑥,𝑦, 𝑧) ≥ 𝑡0 (𝑠𝑠𝑎𝑐𝑏), 𝑠𝑓 𝑠(𝑥,𝑦, 𝑧) < 𝑡 (2.7)  
Rasterization of the three-dimensional array 𝑣 thus generated reveals primitive 
skeleton-based unit cells whose structures resemble cubic grid-like structures 
(Figure 2.12). Therefore, the primitive skeleton-based unit cell can be used 
when a user needs to generate models of human vertebral trabecular bone. The 
shortcoming of the CAD-based models involving high stress concentrations at 
the strut junctions is overcome by our method, which generates tapered struts 
that are thicker at the junctions and thinner at the mid-points between 
junctions.  
Figure 2.12 Unit cells based on the skeletal primitive minimal surface which can be used 
to model vertebral trabecular bone 
𝑡 = 0.05 
𝑉𝑓 = 2.6% 𝑡 = 0 𝑉𝑓 = 3.3% 𝑡 =-1.5 𝑉𝑓 = 13.3% 




2.7 Discussion  
Since its discovery by Alan Schoen in 1970 [104] (as an extension of the 
earlier work on minimal surface solids by Hermann Schwarz in the 1880s), the 
gyroid structure has been studied with increasing interest because of its 
seemingly ubiquitous occurrence in natural materials [102]. To cite just a few 
examples: Michielsen and Stavenga [103] observed gyroid-like structures in 
butterfly wing scales; Hyde [122] discusses the gyroid-like structure that 
underlies many supramolecular materials like lipids and polymeric melts; and 
Yoo [123-125] has been working on methods to fabricate bone grafts based on 
triply periodic minimal surfaces for tissue repair.  
In this chapter, our goal was to propose and validate the gyroid-based unit cell 
as a model for trabecular bone. We generated gyroid models for a range of 
volume fractions, and studied their histomorphometry and mechanical 
properties. We observed that the gyroid equation could generate structures 
with a very wide range of volume fractions, but that at very low values (below 
Vf ~5%), there is a possibility of obtaining disconnected struts, while at very 
high values (above Vf ~60-70%), the cell walls fuse together forming closed 
cells.  Notwithstanding these shortcomings, the gyroid is suitable for modeling 
trabecular bone for most anatomic sites, where the Vf is known to reside within 
the range allowable for the gyroid model [113].  
The gyroid equations, based on sine and cosine functions, produce smoothly 
curved surfaces. The individual trabecular struts are doubly-tapered, such that 
they are of narrowest cross-section at the centre of the strut, and widest at the 
connections with other struts. This prevents the manifestation of stress-




concentration effects at struts connections, a phenomenon noticed in some of 
the other models for trabecular bone [44, 54, 60].  
The morphometric parameters of the gyroid structure were seen to fall within 
the range reported for real trabecular bone. Human bone, owing to its capacity 
for structural adaptation with changing loads, possesses a vast range of 
morphometric values [126]. Hence, the comparison above between the 
morphometry of the gyroid structure and real trabecular bone was solely 
intended for the purpose of investigating their morphological resemblance; 
further investigation was needed to corroborate their resemblance in 
mechanical behaviour. 
To that effect, we evaluated its mechanical properties by performing uniaxial 
compressive testing in ABAQUS software. We found that the homogenized 
stress-strain graphs of the gyroid models closely matched a published graph 
[20] showing the typical mechanical behavior of a trabecular specimen under 
compressive loading. This match provided further preliminary validation of 
the gyroid model as a potential model for human trabecular bone. 
We then used the stress-strain data to obtain the apparent level elastic modulus 
for each of the gyroid models. The plot of elastic moduli, E, against apparent 
density,𝜌𝑎𝑎𝑎, further corroborated the validation of the gyroid model. A 
familiar power-law relationship was obtained for the gyroid, as is found in the 
literature on trabecular bone [5]. Figure 2.8 shows a reasonably close match 
between the gyroid data and four representative empirical relationships 
obtained from the literature on human femora [5, 115-118]. Therefore, it is 




seen that the gyroid equation described above can serve as an easy-to-
construct model for trabecular bone of widely differing volume fractions.  
One of the advantages of the gyroid model over previously proposed models 
for trabecular bone is that it is easier to construct computationally, since it is 
based on a simple mathematical equation. By varying a single variable, t, the 
volume fractions of the resulting gyroid models can be smoothly varied. This 
flexibility of the model is of paramount importance as it is known that 
trabecular bone volume fractions varies widely in the human body, depending 
on the anatomic site, age, state of health, etc. More rigorous comparisons 
between the gyroid model and other previously published unit cells for human 
bone are undertaken in Chapter 3. 
Several studies in the past have used idealized unit cells to generate 
macroscopic structures to study various phenomena like the effect of uniform 
thinning of trabecular struts on overall strength [54] and the relationship 
between trabecular strut erosion and overall stiffness [52]. They typically 
assemble n × n × n identical unit cells to arrive at the macroscopic structure, 
which is thereby of homogeneous density. However, the distribution of 
trabecular bone in any human bone is not uniform, with some locations having 
a significantly greater density than others. This heterogeneity of density within 
the bone is likely to have a crucial role in determining the macroscopic 
mechanical properties and should thus be accounted for. The gyroid unit cell 
furnishes us with a simple method (to be described in Chapter 6) for 
assembling large structures of heterogeneous bone density, with the density 
distribution being derived from a CT image. These structures, bearing 




remarkable fidelity to the underlying CT image, can then be used to study the 
effects of microscopic phenomena (like buckling of trabecular struts, biased 
erosion of tenuous struts during osteoporosis) on the mechanical properties 
and integrity of the macroscopic structure. 
In conclusion, we have described in this chapter a novel model for human 
trabecular bone based on a minimal surface solid called the gyroid. We have 
shown that the gyroid model, though based on a simple mathematical function 
and therefore easy to implement in code, captures the salient mechanical 
properties of trabecular bone. 
 




Chapter 3. Investigation of other existing models of trabecular bone 
In this chapter, we analyse some typical examples of morphological models of 
human trabecular bone that have been previously described in the literature. 
To this end, we chose to study the well-known Gibson-Ashby cellular solid 
and two variants of the Kelvin cell (sometimes known as the 
tetrakaidecahedral structure), one containing rods at the cell edges, and the 
other plates at the square cell faces. Our primary aim is to investigate the 
feasibility of their construction and their capacity to replicate the mechanical 
behaviour and morphometric properties of trabecular bone. Subsequently, we 
compare these models against our gyroid-based unit cell, proposed in Chapter 
2, and discuss their respective merits and demerits. 
3.1 The Gibson-Ashby model 
3.1.1 Construction of the model 
The Gibson-Ashby unit cell was constructed using the computer-aided design 
(CAD) software SolidWorks®. The basic input parameters for the cell are the 
thickness, 𝑡, and the length, 𝑙, of the cell struts (Figure 3.1). Here, we assume 
an aspect ratio of unity (i.e., a square) for the strut cross-sections, and constant 
length for all the struts. Varying the values of 𝑡 and 𝑙 results in changes in the 
volume fraction, 𝑉𝑓, of the cell. In order to mimic the open-celled nature of 
trabecular bone, the input parameters are constrained in such a way that the 
cell faces remain open, i.e., 𝑡 < 𝑙/2.  
The unit cells, being triply periodic, can be assembled to obtain larger 
structures. 




Figure 3.1 (a) Schematic of the Gibson-Ashby unit cell (from [47]), (b) CAD model of the 
Gibson-Ashby unit cell, for 𝒕/𝒍 = 𝟎.𝟏, and 𝑽𝑽 = 𝟐.𝟏% 
For example, Figure 3.2 below shows a structure resulting from the assembly 
of 3 unit cells in each of the three directions. It is to be noted that the 𝑉𝑓 of the 
resulting structure is identical to that of the unit cell, and furthermore, the 
homogenized 𝑉𝑓is constant throughout the structure, i.e., the resulting structure 
has homogeneous apparent density. 
Figure 3.2 CAD model showing assembly of 3 by 3 by 3 Gibson-Ashby unit cells of 
constant volume fraction 
3.1.2 Mechanical properties of the model 
The CAD model of the Gibson-Ashby cell was imported into ABAQUS for 
finite element analysis (FEA) and meshed using 10-node tetrahedral elements. 
(a) (b) 




Typically, depending on the 𝑉𝑓 of the unit cell, between 20000 and 70000 
elements were required to ensure smooth output fields. Periodic boundary 
conditions were applied on opposite faces to minimize the cell size effect at 
the boundaries. Based on [80], a bilinear elastoplastic material was used to 
model the material in the cell struts, with Young’s modulus, 𝐸 = 18 𝐺𝑃𝑎, 
post-yield modulus of 5% of 𝐸, and a 0.2% offset yield strain of 1.04%. While 
keeping the bottom face (i.e., the negative y face) fully constrained, the top 
face (i.e., the positive y-face) was subjected to a uniform displacement so that 
the unit cell was compressed to a strain of about 50%. 
The results revealed that the unit cell exhibited the relevant deformation 
mechanisms as described by Gibson and Ashby [127]. At low strains, the cell 
struts deformed purely by bending and the structure was able to retain its 
effective stiffness and integrity (Figure 3.3). This deformation mechanism 
corresponds to the linear elastic region of the stress-strain graph (Figure 3.4). 
As the applied strains exceeded the effective strength of the cell, the vertical 
struts began to buckle, thereby causing a drastic reduction in the stiffness. 
Simultaneously, the stress in the struts exceeded the elastic limit and yielding 
was also initiated. This corresponds to the plateau region in the stress-strain 
graph. Typical experimental results of porous materials, e.g., foam, reveal a 
third regime of deformation, namely the densification/compaction region, 
where cell struts come into contact with each other and thus exponentially 
increase the stiffness of the material; however, due to computational 
difficulties associated with mesh distortions and contact algorithms, our 
simulations did not reach this region.  






Figure 3.3 (a) Schematic showing cell struts bending, (b) Our FE simulation showing cell 
struts bending, occurring at 𝝐𝝐 = 𝟕.𝟔%, (c) Schematic showing cell struts buckling, (d) 
Our FE simulations showing cell struts buckling, occurring at 𝝐𝝐 = 𝟐𝟐%. The contour 
plots in (b) and (d) represent von Mises’ stresses in MPa. Images (a) and (c) are from 
[127]. 
  
cell edge bending 
cell edge buckling 
(a) (b) 
(c) (d) 




Figure 3.4 (a) Schematic of stress vs. strain showing the primary deformation regimes 
for an elastoplastic foam in compression [47, 127], and (b) Our FE simulation results for 
the Gibson-Ashby cell of 𝑽𝑽 = 𝟐.𝟏%, showing a similar deformation path 
At higher values of 𝑉𝑓, i.e., as the struts became thicker, they began to yield 
directly without suffering buckling (Figure 3.5). For each of the unit cells, the 
effective stiffness was computed as the ratio of the engineering stress to the 
engineering strain at the first successfully converged load increment of the FE 
simulation. Figure 3.6 shows a graph of the effective stiffness thus calculated 
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Figure 3.5 (a) CAD model showing Gibson-Ashby unit cell of 𝑽𝑽 = 𝟏𝟏.𝟐%, (b) Stress 
contour plots showing lack of strut buckling, (c) Graph of engineering stress vs. 
engineering strain for the same cell 
Figure 3.6 Graph of effective stiffness values vs. 𝑽𝑽 for the Gibson-Ashby model, fitted 
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3.1.3 Morphological properties of the model 
3.1.3.1 Structure Model Index (SMI) 
The Structure Model Index (SMI) provides a measure of the aspect ratio of the 
trabecular struts, i.e., whether they are predominantly rod-like (SMI = 3), or 
plate-like (SMI = 0). Based on [57], the SMI is calculated as: 
 
𝑆𝑆𝐸 = 6�𝐵𝑉. �𝑑𝑆𝑑𝑑��
𝐵𝑆2
 (3.1)  
where 𝐵𝑉 denotes the volume of bone material in the structure, 𝐵𝑆 is the total 
surface area of bone, and 𝑑𝑆/𝑑𝑑 is the change of surface area 𝑆 with the half-
thickness, 𝑑. 
In order to calculate the SMI of the Gibson-Ashby model, a single strut was 
considered, with the dimensions shown below: 
Figure 3.7 Schematic showing a single strut of the Gibson-Ashby cell 
The surface area of the strut is calculated as: 
 𝑆 = (2𝑑 × 𝑙) × 4 (3.2) 
implying that the change in surface area with half-thickness is 
 𝑑𝑆
𝑑𝑑
= 8𝑙 (3.3) 
l  
r = t/2 




Therefore, the SMI can be calculated for any values of 𝑑 and 𝑙 as: 
𝑆𝑆𝐸 = 6�𝐵𝑉. �𝑑𝑆𝑑𝑑��
𝐵𝑆2
= 6 × [((2𝑑)2 × 𝑙) × 8𝑙][(2𝑑 × 𝑙) × 4]2 = 3. 
Hence, the SMI for a Gibson-Ashby unit cell of any given 𝑉𝑓 is constant and 
equal to 3 (i.e., the strut is perfectly rod-like). 
3.1.3.2 Trabecular thickness (𝑻𝑻.𝑻𝑻): 
For a perfectly rod-like cell, the trabecular thickness can be estimated by 
[128]: 





The CAD software SolidWorks was used to quantify the values of 𝐵𝑆 and 𝐵𝑉 
for each unit cell and the results for the 𝑇𝑏.𝑇ℎ tabulated. 




Table 3.1 𝑻𝑻.𝑻𝑻 values for Gibson-Ashby model of different volume fractions 
3.1.3.3 Trabecular Separation/Spacing (𝑻𝑻.𝑺𝑺): 
The trabecular separation/spacing can be estimated for rod-like models by the 
equation [128]: 
 𝑇𝑏. 𝑆𝑠 = 𝑇𝑏.𝐷𝑚 × ��𝜋4 × 𝑇𝑉𝐵𝑉 − 1� (3.5) 




where the trabecular diameter, 𝑇𝑏.𝐷𝑚, can be approximated by 𝑇𝑏.𝑇ℎ. The 
values of 𝑇𝑏. 𝑆𝑠 were calculated for the unit cells corresponding to each 𝑉𝑓and 
the results tabulated. 




Table 3.2 𝑻𝑻.𝑺𝑺 values for Gibson-Ashby model of different volume fractions 
3.2 The Kelvin cell (rod-type) model 
3.2.1 Construction of the model 
The input parameters used in the construction of the rod-type Kelvin cell are 
the thickness 𝑡 and the length 𝑙 of each strut. Varying the values of these 
parameters results in unit cells of differing 𝑉𝑓, based on the equation [52]: 
 𝑉𝑓 = 33𝜋80√2 �𝑡𝑙�2 (3.6) 
 
Figure 3.8 (a) Schematic of the rod-type Kelvin cell showing the eight hexagons and six 
quadrilaterals that constitute the tetrakaidecahedral structure (b) The rod-type Kelvin 
cell corresponding to 𝒕/𝒍 = 𝟎.𝟏 after meshing the cell struts with beam elements 
𝑙 
𝑡 (a) (b) 




The CAD component of ABAQUS was used to plot the positions of the 24 
nodes, which were then connected appropriately using “wires” to form the cell 
struts (Figure 3.8). 
3.2.2 Mechanical properties of the model 
The struts were then meshed in ABAQUS using quadratic beam elements of 
circular cross-section. Based on [80], a bilinear elasto-plastic material was 
used to model the material in the cell struts, with Young’s modulus, 𝐸 =18 𝐺𝑃𝑎, post-yield modulus of 5% of 𝐸, and a 0.2% offset yield strain of 
1.04%. While holding all the degrees of freedom of the bottom face fully 
constrained, a downward (i.e., compressive) displacement was applied to the 
four nodes on the top face to simulate uniaxial stress. Similar analyses were 
performed for unit cells corresponding to different ratios of 𝑡/𝑙. 
Subsequent to the simulation, the graphs of homogenized engineering stress 
were plotted against the homogenized strains for each of the cells. The plot 
below (Figure 3.9) (corresponding to 𝑡 𝑙⁄ = 0.1) shows a linear elastic region 
caused by cell strut bending, followed by softening behaviour at about 10% 
strain, due to strut buckling.  
For each of the unit cells, the effective stiffness was then computed as the ratio 
of the engineering stress to the engineering strain at the first successfully 
converged load increment of the FE simulation. Figure 3.10 shows a graph of 
the effective stiffness thus calculated against the corresponding 𝑡/𝑙 ratio of the 
unit cell using a power-law fit. 
 





Figure 3.9 Graph of engineering stress vs. engineering strain for the Kelvin (rod-type) 
cell corresponding to 𝒕 𝒍⁄ = 𝟎.𝟏. 
 
Figure 3.10 Graph of effective Young's modulus vs. thickness-to-length ratio for the 
Kelvin (rod-type) cell with a power-law fit 
3.2.3 Morphological properties of the model 
3.2.3.1 Structure Model Index (SMI) 
Based on [57], the SMI is given by equation (3.1): 
 





















































where 𝐵𝑉 denotes the volume of bone material in the unit cell, 𝐵𝑆 is the total 
surface area of bone, and 𝑑𝑆/𝑑𝑑 is the change of surface area 𝑆 with the half-
thickness, 𝑑. 
In order to calculate the SMI of the rod-type Kelvin cell, a single strut was 
considered, with the dimensions shown below: 
Figure 3.11 Schematic showing a single strut of the Kelvin (rod-type) cell 
The surface area of the strut is calculated as: 
 𝑆 = (2𝜋𝑑) × 𝑙 (3.7) 
implying that the change in surface area with half-thickness is: 
 𝑑𝑆
𝑑𝑑
= 2𝜋𝑙 (3.8) 
Therefore, the SMI can be calculated for any values of 𝑑 and 𝑙 as: 
𝑆𝑆𝐸 = 6�𝐵𝑉. �𝑑𝑆𝑑𝑑��
𝐵𝑆2
= 6 × [(𝜋𝑑2 × 𝑙) × 2𝜋𝑙][2𝜋𝑑 × 𝑙]2 = 3. 
Hence, the SMI for a rod-like Kelvin cell of any given 𝑉𝑓 is constant and equal 
to 3 (i.e., the strut is perfectly rod-like). 
l 
r = t/2 




3.2.3.2 Trabecular thickness (Tb.Th): 
For a perfectly rod-like cell, the trabecular thickness can be estimated by 
equation (3.4): 





The values of 𝑇𝑏.𝑇ℎ for unit cells of different 𝑉𝑓are tabulated below. 





Table 3.3 𝑻𝑻.𝑻𝑻 values for Kelvin (rod-type) model of different volume fractions 
3.2.3.3 Trabecular Separation/Spacing (𝑻𝑻.𝑺𝑺): 
The trabecular separation/spacing can be estimated for rod-like models by 
equation (3.5): 
 𝑇𝑏. 𝑆𝑠 = 𝑇𝑏.𝐷𝑚 × ��𝜋4 × 𝑇𝑉𝐵𝑉 − 1� (3.5) 
where the trabecular diameter, 𝑇𝑏.𝐷𝑚, can be approximated by 𝑇𝑏.𝑇ℎ. The 
values of 𝑇𝑏. 𝑆𝑠 were calculated for the unit cells corresponding to each 𝑉𝑓and 













Table 3.4 𝑻𝑻.𝑺𝑺 values for Kelvin (rod-type) model of different volume fractions 
3.3 The Kelvin cell (plate-type model) 
3.3.1 Construction of the model 
The input parameters required in the construction of the plate-type Kelvin cell 
are the thickness, 𝑡, of each cell wall and the length, 𝑙, of each cell edge. 
Varying the values of these parameters results in unit cells of different 
differing 𝑉𝑓, based on the equation [52]: 
 𝑉𝑓 = 34�32 �𝑡𝑙�  (3.9) 
The cell edges produced by plotting the nodes given in Appendix 1 are 
connected to each other using shell elements in Abaqus CAE. In order to 
preserve the open-celled nature of trabecular bone, the quadrilateral cell faces 
are left open (Figure 3.12). 
 





Figure 3.12 (a) Schematic of the plate-type Kelvin cell showing the eight hexagons and 
six quadrilaterals that constitute the tetrakaidecahedral structure. Note the absence of 
cell walls on the quadrilateral faces. (b) The plate-type Kelvin cell corresponding to 
𝒕/𝒍 = 𝟎.𝟏 after replacing the cell walls with quadratic shell elements of thickness 𝒕 
3.3.2 Mechanical properties of the model 
The cell walls were meshed in ABAQUS using quadratic shell. Based on [80], 
a bilinear elastoplastic material was used to model the material in the cell 
walls, with Young’s modulus, 𝐸 = 18 𝐺𝑃𝑎, post-yield modulus of 5% of 𝐸, 
and a 0.2% offset yield strain of 1.04%. While holding all the degrees of 
freedom of the bottom face fully constrained, a downward (i.e., compressive) 
displacement was applied to the four nodes on the top face. Similar analyses 
were performed for unit cells corresponding to different ratios of 𝑡/𝑙. 
Subsequent to the simulation, the graphs of homogenized engineering stress 
were plotted against the homogenized strains for each of the cells. The plot 
below (Figure 3.13) (corresponding to 𝑡 𝑙⁄ = 0.1) shows a linear elastic region 
caused by cell wall bending, followed by a drastic decrease in tangent stiffness 
at about 3% strain due to the onset of plastic collapse, leading to softening 
behaviour at about 10% strain. 
(a) (b) 





Figure 3.13 Graph of engineering stress vs. engineering strain for the Kelvin (plate-type) 
cell corresponding to 𝒕 ⁄ 𝒍 = 𝟎.𝟏 
For each of the unit cells, the effective stiffness was then computed as the ratio 
of the engineering stress to the engineering strain at the first successfully 
converged load increment of the FE simulation. Figure 3.14 shows a graph of 
the effective stiffness thus calculated against the corresponding 𝑡/𝑙 ratio of the 
unit cell using a power-law fit. 
 
Figure 3.14 Graph of effective Young's modulus vs. thickness-to-length ratio for the 
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3.3.3 Morphological properties of the model 
3.3.3.1 Structure Model Index (SMI) 
Based on [57], the SMI is calculated by equation (3.1): 
 
𝑆𝑆𝐸 = 6�𝐵𝑉. �𝑑𝑆𝑑𝑑��
𝐵𝑆2
 (3.1) 
where 𝐵𝑉 denotes the volume of bone material in the unit cell, 𝐵𝑆 is the total 
surface area of bone, and 𝑑𝑆/𝑑𝑑 is the change of surface area 𝑆 with the half-
thickness, 𝑑. 
In order to calculate the SMI of the plate-type Kelvin cell, a single wall was 
considered, with the dimensions shown below: 
 Figure 3.15 Schematic showing a single face of the Kelvin (plate-type) cell 
The surface area of the wall is calculated as: 
 𝑆 = 3√32 𝑙2 (3.10) 
implying that the change in surface area with half-thickness 𝑑 is zero: 
 𝑑𝑆
𝑑𝑑
= 0 (3.11) 
Therefore, the SMI can be calculated for any values of 𝑑 and 𝑙 as: 
𝑙 




𝑆𝑆𝐸 = 6�𝐵𝑉. �𝑑𝑆𝑑𝑑��
𝐵𝑆2
= 6 × [𝐵𝑉 × 0]
𝐵𝑆2
= 0. 
Hence, the SMI for a plate-like Kelvin cell of any given 𝑉𝑓 is constant and 
equal to 0 (i.e., the wall is perfectly plate-like). 
3.3.3.2 Trabecular thickness (𝑻𝑻.𝑻𝑻): 
For a perfectly plate-like cell, the trabecular thickness can be estimated by 
[128]: 






The table below shows the relationship between 𝑇𝑏.𝑇ℎ and 𝑉𝑓. Note that since 
the volume fraction depends only on the ratio 𝑡 𝑙⁄ , and not on the exact value 
ascribed to 𝑡, we are free to set 𝑇𝑏.𝑇ℎ to any value provided 𝑙 is modified 
accordingly. Exact values can be determined for 𝑇𝑏.𝑇ℎ (and correspondingly 
for 𝑇𝑏. 𝑆𝑠) simply by choosing a value for 𝑙. 
 





Table 3.5 𝑻𝑻.𝑻𝑻 values for Kelvin (plate-type) model of different volume fractions 




3.3.3.3 Trabecular Separation/Spacing (Tb.Sp): 
The trabecular separation/spacing can be estimated for plate-like models by 
the equation [128]: 
 𝑇𝑏. 𝑆𝑠 = 1
𝑇𝑏.𝑁 − 𝑇𝑏.𝑇ℎ (3.13) 
where, for plate-like models, the trabecular number, 𝑇𝑏.𝑁 is approximated by: 
 𝑇𝑏.𝑁 = 𝐵𝑉𝑇𝑉𝑇𝑏.𝑇ℎ  
 
(3.14) 
The values of 𝑇𝑏. 𝑆𝑠 were calculated for the unit cells corresponding to each 
𝑉𝑓and the results tabulated. 





Table 3.6 𝑻𝑻.𝑺𝑺 values for Kelvin (plate-type) model of different volume fractions 
3.4 Discussion and Conclusion 
Figure 3.16 below shows the effective stiffness vs. the apparent density for all 
of the models (i.e., the Gibson-Ashby cell, and both the rod-type and the plate-
type variants of the Kelvin cell) described above, as well as the gyroid-based 
model, superposed onto a graph extracted from the published literature [5] on 
real trabecular bone, for the purpose of comparison. It can be seen that the 
graphs for all three models lie very close to those obtained by empirical tests 
on real trabecular bone. 





Figure 3.16 Graph showing effective initial stiffness vs. the apparent density for the three 
unit cells and the gyroid-based structure, superposed on published empirical data from 
the human femur [5] 
Furthermore, histomorphometric analysis revealed that their morphologies are 
also reasonably close to those encountered in the literature on human 
trabecular bone [129]. Hence, with certain important reservations that we shall 
discuss presently, it is apparent that all three models can act as good 
morphological models for human trabecular bone. 
The limitations of the above-described models are the following: 
(a) Though the mechanical properties (i.e., the effective stiffness) of all 
models closely approximate those of real trabecular bone for low apparent 
densities, the models lose their resemblance to trabecular bone at higher 
apparent densities. In the case of the Gibson-Ashby model, the unit cell 
becomes closed at volume fractions in excess of about 20% because the cell 
struts on either end of the face begin to touch each other. Since real trabecular 















apparent density (g/cm3) 
Gyroid
Human proximal femur (Ciarelli et al., 2000)
Human femoral neck (Morgan et al., 2003)
Human distal femur (Kaneko et al., 2004)
Human femur (Keller et al., 1994)
Gibson-Ashby
Kelvin cell (rod at cell edge)
Kelvin cell (shell at hexagonal face)




representative of high density trabecular bone. In the case of the Kelvin cell, 
the use of beam and shell elements to render the struts and faces of the model 
is appropriate only for thin beams and shells, implying that this structure also 
runs into computational difficulties at higher apparent densities.  
The gyroid model, on the other hand, as described in Chapter 2, is capable of 
rendering unit cells up in excess of even 80% volume fraction before it 
becomes a closed cell. Since real human trabecular bone possesses a wide 
range of volume fraction [12], the gyroid is considered to be a better model for 
trabecular bone than the other models explored above.  
(b) From the point of view of morphology, there exists a fundamental 
advantage of the gyroid unit cell over the others studied above. The SMI 
values for the gyroid unit cell change automatically with volume fraction, 
from more rod-like at low volume fraction to more plate-like at high volume 
fraction (Chapter 2). In contradistinction, the SMI values for the other models 
investigated do not vary with volume fraction: the SMI values of the Gibson-
Ashby model and the rod-like variant of the Kelvin cell remain constant at 3 
(perfectly rod-like), whereas, for the plate-like variant of the Kelvin cell, they 
remain constant at 0 (perfectly plate-like) (Figure 3.17)  




Figure 3.17 Summary of changes in SMI with changing volume fraction for each of the 
models 
For real trabecular bone, it is well-known that at high volume fractions (e.g., in 
young healthy subjects), the trabecular spicules are more plate-like, and that, 
with bone loss through ageing or osteoporosis, they gradually become more 
rod-like [129, 130]. The gyroid unit cell is thus seen to better capture the 
changing morphology of trabecular bone struts with change in volume 
fraction. 
(c) Lastly, it is computationally very difficult to assemble the CAD-based 
unit cells (i.e., those that are constructed using CAD software) like the Gibson-
Ashby and the Kelvin cell; to do so, it is necessary to first construct one unit 
cell, then produce a sufficient number of correctly positioned replicas, and 
subsequently assemble them to produce one continuous solid structure. This 
task of assembling unit cells is significantly easier to perform using the 
equation-based modelling technique employed in generating the gyroid unit 
cell: if one is interested in modelling a larger domain of, say, 100 x 100 x 100 




gyroid unit cells, all one needs to do is to expand the domain boundary in the 
gyroid equation (i.e., the bounds of 𝑥, 𝑦, and 𝑧; see Chapter 2) and re-run the 
algorithm.  
Furthermore, the method for assembling CAD-based unit cells outlined above 
produces macrostructures of homogeneous apparent density. If it is desired to 
perform multi-scale modelling of organ-level bone structures, it is necessary to 
be able to vary the apparent density of the unit cells at adjacent locations based 
on corresponding variations in the macro-scale bone. This task can be easily 
performed in equation-based unit cells like the gyroid, as described in detail in 
Chapter 6 below, by simply modifying the parameter that determines the 
volume fraction to be a function of the anatomic location.  
In fine, having compared some representative unit cells previously described 
in the literature against our proposed unit cell based on the gyroid surface, we 
conclude that the gyroid-based unit cell provides us with a superior model for 
human trabecular bone that can be of potential use in applications of current 
interest including multi-scale modelling of bone and investigating the 
interactions between mechanical behaviour at different levels of hierarchy 
.




Chapter 4. Assessment of two novel methods for modelling bone 
In this chapter, we describe two novel methods for modelling bone. In the first 
method (Section 4.1), Voronoi tessellation is employed to generate trabecular 
struts that are then connected to the outer cortical ring to form a structure that 
resembles the femoral neck cross-section in geometry and bone density 
distribution. This structure can then be analysed using the Finite Strip Method 
(FSM), a computationally cheaper alternative to the Finite Element Method 
(FEM), in order to assess its mechanical behaviour under loading. In the 
second method (Section 4.2), we investigate a unit cell for trabecular bone 
based on a so-called ellipsoid-cuboid structure created by deleting the volumes 
of intersection between a cuboid and nine ellipsoids, eight of the latter of 
which are located at the vertices of the cuboid and one at its centre.  
4.1 Voronoi tesselation for modelling the femoral neck 
4.1.1 Introduction 
The finite strip method (FSM) is a computationally cheaper alternative to the 
FE method. The fundamental assumption underlying the FSM is the 
homogeneity of material properties along the longitudinal direction [131]. This 
engenders a trade-off between accuracy and computational speed. The FSM-
based models hitherto published considered only the cortical component of the 
femoral neck [132]. The emphasis of the study described in this subsection 
was to develop more realistic models which incorporate the contribution of the 
trabecular core to the overall structural strength of the femoral neck. To that 
effect, we developed an algorithm based on two-dimensional Voronoi 
tessellation to generate trabecular networks whose apparent density was 




determined from an underlying CT scan of the femoral neck. We believed that 
such a model would be a better computational representative of naturally 
occurring bone than those commonly seen in the published literature wherein 
the density is assumed homogeneous. 
4.1.2 Modeling algorithm 
4.1.2.1 Source of specimens and image acquisition procedure 
The femur specimens were from the Institute of Anatomy at the Ludwig 
Maximilians Universität München, Munich, Germany. The subjects (8 
females, 7 males, age range: 50–60 years) were residents of “Upper Bavaria” 
who had donated their bodies for teaching and research purposes to the 
Institute during their lifetime per testimonial decree. 
A Siemens 16-slice helical CT scanner with a scan-plane pixel size of 
0.195 mm and a slice thickness of 0.5 mm was used (Sensation 16; Siemens 
Medical Solutions, Erlangen, Germany). The specimens were placed in plastic 
bags filled with 4% formalin–water solution. The plastic bags were sealed 
after air was removed by a vacuum pump. These bags were positioned in the 
scanner with mild internal rotation of the femur to simulate in vivo 
examination of the pelvis and proximal femur. Further scanning parameters 
were 120 kVp, 100 mA, an image matrix of 512×512 pixels and a field of 
view of 100 mm. From a high-resolution reconstruction algorithm (kernel 
U70u) resulted an in-plane spatial resolution of 0.29×0.29 mm2, determined 
at ρ=10% of the modulation transfer function. Voxel size was 
0.19×0.19×0.5 mm3. For calibration purposes, a reference phantom with a 




bone-like and a water-like phase (Osteo Phantom, Siemens Medical Solutions) 
was placed in the scanner below the specimens. 
4.1.2.2 Image analysis procedure 
Sequential cross-sectional images of the human femoral neck were extracted 
from three-dimensional CT data sets of the 15 subjects using MIMICS 
software (Materialise Inc., Ann Arbor, MI, USA). The cross section with the 
lowest area moment of inertia (I) along the femoral neck of each subject was 
selected using the open source packages of VA-BATTS (a software primarily 
used to find stresses in bone cross-sections) [133, 134] and CUFSM (a 
software employed in structural engineering to investigate the buckling loads 
of various structures using the FSM assumption) [135]. Specifically, VA-
BATTS software was used to generate a surface mesh for about 10 slices at a 
location along the femoral neck where the cross-sectional area is generally 
smallest. The surface mesh was then imported into CUFSM software. The 
CUFSM software is capable of analyzing the geometry (e.g., surface area, 
location of center of area, and area moment of inertia) of a structure. Of the 10 
slices analyzed, the slice that possessed the lowest I about the anterior-
posterior axes is chosen as the representative slice for that subject, to be used 
for subsequent analyses. 
4.1.2.3 Cortical shell modelling 
For each specimen, the cortical shell was segmented from the soft tissue using 
the built-in edge detection algorithm of ‘ImageJ’ software [112]. The “donut” 
mesh scheme of VABATTS was used to model the cortical shell (Figure 4.1). 
The donut mesh is designed to discretize the domains of hollow cross-sections 




and is therefore most appropriate for the cortical ring. Based on the 
suggestions of [132], we chose a mesh density of 72 circumferential elements 
and 7 radial elements as suitable for our purposes. After the mesh is 
successfully generated, VABATTS software can be used to output the nodal 
coordinates and element connectivity data to be used as input parameters in  
the open-source FSM software, CUFSM [135].  
 
Figure 4.1 Segmentation of the femoral neck CT image into cortical and trabecular bone 
using VA-BATTS meshing tool 
4.1.2.4 Trabecular core modelling using Voronoi tessellation 
In our model, a trabecular cell denotes a two-dimensional element within the 
“butterfly” mesh of the VA-BATTS software [133]. This mesh helps to 
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processing. VA-BATTS software is capable of reading the pixel densities and 
computing the average pixel density for the group of pixels that constitute a 
trabecular cell (Figure 4.1). The average CT number (i.e., the average pixel 
density) of each trabecular cell, and its corresponding centroidal coordinates 
and area, were computed using VA-BATTS [133, 134]. Although VA-BATTS 
can be used to apply boundary conditions and analyze stresses, we utilized it 
purely for mesh generation and calculation of image-related parameters (e.g., 
CT-number and centroidal coordinates). 
In order to simulate a trabecular network in the computational model, we 
employed MATLAB (MathWorks Inc., USA) to perform a technique known 
as Voronoi tessellation (also called Dirichlet tessellation) [136]. Essentially, 
given a set S of points s (called the Voronoi generators or Voronoi sites) on a 
plane, a Voronoi cell V(s) for point s comprises the set of all points closer to 
generator s than to any other generator. The edges of each Voronoi cell V(s) 
are therefore a set of points that are equidistant to the two nearest generators. 
A Voronoi node is a point that is equidistant to three or more generators. 
During the creation of our model, Voronoi generators (or sites) were locally 
cast into each trabecular cell according to a proportional relationship, such that 
trabecular cells with greater CT-numbers contained more Voronoi generators 
than trabecular cells with lower CT-numbers. The locations of these Voronoi 
generators were then extracted and used for Voronoi tessellation in MATLAB. 
MATLAB supports a built-in function for two-dimensional Voronoi 
tessellation called VORONOI (x, y), where (x,y) are the planar coordinates of 
each generator. At the end of the tessellation process, each of the edges of the 
Voronoi cells depicted an individual trabecular rod. The elemental 




connectivity data can subsequently be exported from VA-BATTS into 
CUFSM software for further structural analysis. This technique enabled us to 
create a model which had a denser trabecular network in regions where the 
CT-scan had higher CT-numbers, and vice versa (Figure 4.2). 
 
Figure 4.2 (a) Butterfly mesh of trabecular core (b) Voronoi generators distributed based 
on the trabecular core apparent density (c) Trabecular core after Voronoi tessellation 
The trabecular thickness (𝑇𝑏.𝑇ℎ), which corresponds to the thicknesses of the 
edges of the Voronoi cells, was tuned so that the area fraction of the Voronoi 
cell matched the volume fraction (𝐵𝑉/𝑇𝑉) of the same Voronoi cell as 
calculated from VA-BATTS. The area fraction in this work was defined as the 
fraction of the total area of the polygon that was occupied by trabecular bone. 
Hence, an extrusion of a given area fraction by a given length would result in 
an identical volume fraction, thereby justifying the procedure described above. 
The nodes on the outermost ring of the trabecular network were connected to 
the nearest nodes on the cortical shell. These conditions successfully 
mimicked the primary mechanical function of the trabecular core (to provide 
lateral support to the cortex).  
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4.1.3 Discussion and Conclusions  
The Voronoi tessellation algorithm employed in this subsection was seen to 
produce trabecular networks that closely resembled the original CT scan in 
their density distribution (Figure 4.3).  
Figure 4.3 Typical femoral neck cross-sections of three subjects (Top row: original CT 
image. Bottom row: computational model rendered using proposed method). A: 
Anterior; I: Inferior; S: Superior; P: Posterior 
However, the models generated are two-dimensional structures, implying that 
their material properties and geometry are assumed to be homogeneous and 
constant in the longitudinal section. On a related note, the FSM, although 
computationally very fast, has a critical limitation with respect to the more 
standard FEM, because it does not account for longitudinal variations in 
geometry or material properties. In other words, it assumes that the cortical 
and trabecular geometry and material properties are two-dimensional measures 
and that they do not vary through the length of the femoral neck, an 
assumption not valid in real bone (Figure 4.4).  




Figure 4.4 Schematic showing the difference between the FEM mesh and the FSM mesh 
In the light of these observations, it is recommended that the above-described 
technique for modelling bone, employing two-dimensional Voronoi cells 
alongside the finite-strip method, be reserved only for investigations where 
computational speed is to be prioritized at the expense of accuracy.  
4.2 The ellipsoid-cuboid unit cell as a model for trabecular bone 
4.2.1 Introduction 
The work described in this section was performed by Lim [137]. We 
reproduce her work below, with some emendations, for the purpose of 
comparing the results with our own modelling algorithms.  
The ellipsoid-cuboid structure, originally conceived as a unit cell to study 
metallic foams, was extended to modelling trabecular bone owing to the fact 
that both are cellular solids with open cells and a wide range of volume 
fraction variability. The unit cell characterizes the main structural features of 
the trabecular architecture, and can be replicated periodically in space to form 
a matrix that resembles bulk trabecular bone. 
FEM mesh  FSM mesh 




4.2.2 Generation of the ellipsoid-cuboid unit cell 
4.2.2.1 Basic structure 
The CAD modelling software SolidWorks was used to design the geometry of 
the ellipsoid-cuboid structure based on several input parameters. An ellipsoid 
is placed at each corner of a solid cuboid, with the centers of the former 
coinciding with the vertices of the latter. An additional ellipsoid is placed at 
the geometric center of the cuboid, following which, the portions of the 
ellipsoids that intersect with the cuboid are deleted from the latter. This leaves 
behind a unit cell with a network of struts that resembles the interconnected 
rods and plates of the trabecular bone structure (Figure 4.5). 
Figure 4.5 (a) Illustration of the design of the ellipsoid-cuboid unit cell (the cuboid is 
outlined in black while the nine ellipsoids are in grey), (b) The ellipsoid-cuboid unit cell, 
(c) An assembly created by stacking 3x3x3 unit cells 
Before establishing the model, there was a need to first determine the physical 
dimensions of the unit cell to be used throughout the work. The foam model 
from which the ellipsoid-cuboid bone model is adapted had cross-sectional 
dimensions of 0.5 mm by 0.5 mm for the cuboid. These dimensions, together 
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with an aspect ratio of 1, were applied to form a 0.5 x 0.5 x 0.5 mm cube that 
was used to construct the initial bone model.  
The maximum and minimum volume fractions for this initial model were 
determined, and then a similar model having an averaged volume fraction is 
created. With this model, the average cell strut thickness, an arithmetic 
average of the maximum and minimum thicknesses, was obtained (Figure 4.6). 
Next, the dimensions of the cube are scaled to produce a model in which the 
average cell strut thickness is similar to the average human trabecular 
thickness of 100 to 300 microns [1]. The resulting cube has cross-sectional 
dimensions of 3.5 x 3.5 mm, which are used for all the models throughout this 
work. 
Figure 4.6 (a) Minimum, and (b) maximum volume fraction of unit cell possible for given 
cube, (c) minimum, and (d) maximum strut thickness (shown between black arrows) for 
model with averaged volume fraction for the same cube 
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With the basic ellipsoid-cuboid structure thus established, modelling 
trabecular bone of various apparent densities simply involved modifying the 
three ellipsoidal parameters, namely the semi-principal axes x, y and z (Figure 
4.7), to obtain models of different volume fractions. For the cuboid, since the 
transverse cross-section is a square, the aspect ratio, ARc, is simply given by 
h/l or h/b. The aspect ratio for the ellipsoid, ARe, is defined as y/reff, where 
reff is the radius of the circle that gives the same area as the ellipse on the x-z 
plane.  
Figure 4.7 Geometric parameters used to define the ellipsoid and the cuboid 
The volume fraction for the resulting model, Vf, is given by the ratio of the 
remaining volume after deleting the intersecting material to the volume of the 
original cuboid. For each bone model, there exists a range of possible volume 
fractions between the minimum and maximum at which the trabecular-like 
structure is still distinguishable (Figure 4.8). Going above or below these 
bounds on the volume fraction will result in models that do not exhibit the 
overall trabecular structure. In such cases, the spaces in the walls of the unit 
cell may be missing resulting in closed cells, or the plates and rods of the 
structure are disconnected and unable to sustain any load. These models are 
hence unsuitable for simulation in the context of this work. 
l 




Figure 4.8 Maximum (left) and minimum (right) volume fractions at which the 
trabecular-like model is still distinguishable 
4.2.2.2 Model 1: Using identical spheroids 
Model 1 was created with all 9 ellipsoids having 2 of the 3 semi-principal axes 
identical, i.e. x = z. Ellipsoids possessing such a property are also known as 
spheroids. This model meant that the parameters of all the spheroids have to 
be varied in an identical manner at the same time. Since the model has to 
retain the overall trabecular bone geometry with the openings in the walls of 
the cuboid (Figure 4.9), the resulting values of Vf obtained were unrealistically  
small and were not useful for meaningful comparisons. 
Figure 4.9 The unit cell should include an opening in each of the walls to better resemble 
highly porous trabecular bone 




4.2.2.3 Model 2: Dissimilar spheroids at the cuboid vertices and center 
In order to obtain models with higher volume fraction while also retaining the 
desired trabecular bone geometry, dissimilar spheroids at the cuboid center 
and the cuboid vertices were used. This meant that the ellipsoidal parameters 
could be varied separately for those corner spheroids at the vertices and for the 
spheroid at the geometric center. This method gave rise to models with 
significantly higher volume fraction than before, which produced simulation 
results that are more meaningful than previous attempts using Model 1. 
4.2.2.4 Model 3: Dissimilar ellipsoids at the cuboid vertices and center 
Lastly, in an attempt to more accurately model trabecular bone, full ellipsoids 
with 3 distinct semi-principal axes are used. Again, dissimilar ellipsoids are 
used for the 8 vertices of the cuboid and for its geometric center.  
4.2.3 Finite element analysis of the unit cells 
The models created were imported into Abaqus CAE, specified with trabecular 
bone tissue properties and appropriate boundary conditions, and then subjected 
to compression tests to study their mechanical behaviour. The material 
properties for the bone models were assumed to be purely linear-elastic and 
isotropic. The Young’s modulus and Poisson’s ratio of the bone tissue were 
assumed to be 18,000 MPa and 0.3 respectively [80]. In all simulations the 
effects of geometric nonlinearity, which can be particularly important for 
models with low volume fraction [20], were taken into account. 
Periodic boundary conditions were applied so that the unit cell deformed 
similarly on opposite faces and could be replicated in space to form bulk 
trabecular bone. This was done by applying tie constraints between all pairs of 




nodes located on opposite planar walls of the unit cell (Figure 4.10, (a) and 
(b)). All but the top and bottom walls were tied in this manner, and these tied 
walls deformed similarly, as desired, during the FE simulation. 
Figure 4.10 Tie constrains applied between the shaded regions on the (a) left and the 
right, and (b) front and back, walls of the unit cell, (c) uniaxial compression applied on 
the top surface of the model while the bottom surface is held fixed 
Since the simulations were displacement-controlled, uniaxial compression is 
applied on the top wall of the model through a displacement boundary 
condition implemented linearly over the step time (Figure 4.10 (c)). For all the 
models, a displacement equal to 20% homogenized strain was applied in this 
manner. The bottom wall of the model was fixed in space so that the model 
did not undergo bulk movement during the simulation. The models were then 
automatically meshed using tetrahedral elements, with the approximate global 
size of each element determined by Abaqus.  
The output of the Abaqus simulations included the reaction forces developed 
on the top surface, which were summed and divided by the cross-sectional 
area of the bounding box to obtain the homogenized stress acting on the 
model. Plotting the stress against strain, and then taking the slope of the 
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resulting stress-strain curve gives the effective stiffness of the unit cell under 
investigation. The stiffness was calculated at a strain of 0.005 for all but the 
linear elastic-linear plastic simulations, for which it was calculated at the strain 
value that is 0.002 below the onset of visible plastic yielding. As the applied 
strain is rather large, there were a large number of simulations that failed to 
converge and terminated prematurely. However, the results of such 
simulations were still useful, since only the initial linear response up to 0.5% 
strain is of concern for the calculation of the effective stiffness. 
4.2.4 Results 
4.2.4.1 Simulations on Model 1. 
Initially, we aimed to construct 3 models of low, average and high volume 
fraction for each ARc and ARe  of 0.5, 1 and 2 using Model 1; this will give a 
total of 9 models for simulation, which are collectively named Model 1A. The 
volume fraction and resulting stiffness for each model is presented in Table 7: 
ARe  0.5  0.5  0.5  1  1  1  2  2  2  
ARc  0.5  0.5  0.5  1  1  1  2  2  2  
Vf/%  1.029  3.247  5.980  1.023  3.182  6.007  1.043  2.311  4.175  
Effective 
stiffness/GPa  
0.006  0.052  0.185  0.019  0.146  0.372  0.0 55  0.210  0.439  
Table 7 Simulations results for Model 1A 
It was observed that the simulation results do not quite approximate any 
experimental data (see Figure 4.12). In fact, the apparent densities obtained 
using Model 1A are much lower than real bone specimens of all anatomic sites 
considered, and are hence unrealistic. As such, there was a need to improve on 




the model by modifying the parameter ARe while keeping ARc constant, (as 
opposed to changing both parameters identically). 
With this modification, it was possible to increase the resulting volume 
fraction of the model while decreasing the radius of the ellipsoid and keeping 
its height constant (Table 8). 
x or z/mm  1.755  1.65  1.55  1.45  1.35  
ARe  2.023  2.152  2.290  2.448  2.630  
ARc  2  2  2  2  2  
Vf/%  3.224  11.355  18.576  27.188  36.806  
Effective 
stiffness/GPa  
0.410  1.735  3.087  5.251  8.426  
 Table 8 Simulation results for Model 1B 
However, when the diameter of the ellipsoid was decreased to less than the 
length of the cuboid, the overall trabecular geometry, i.e. the openings in the 
walls of the unit cell, was not preserved (Figure 4.11).  
Figure 4.11 Absence of openings in the side surfaces 
This changes the micro-architecture of the bone model structure, and is 
undesirable since the resulting model does not resemble the interconnected 




plates and rods structure of trabecular bone well. Although the mechanical 
performance of this model, called Model 1B, has improved considerably 
compared to the previous model, the effective stiffness at low apparent 
densities (𝜌𝑎𝑎𝑎 < 0.5 g/cm3) are significantly higher than real bone specimens. 
At the same time, the slope of the curve fit for the simulation results does not 
agree with that of experimental data.  
4.2.4.2 Simulations on Model 2 
In order to preserve the overall traebecular geometry, either the height, 2y, or 
diameter, 2x or 2z, of the spheroid must equal the cuboid dimensions (of 3.5 x 
3.5 x 7 mm), and the parameter ARe has to be at least as large as ARc. 
However, this gives a resulting volume fraction that is at most 4.175% (Table 
7), which is too low for practical purposes. A solution to both increase the 
volume fraction of the models and to keep the overall trabecular structure 
intact would be to modify the parameters of the corner spheroids separately 
from those of the spheroid in the center. Only the dimensions of the center 
spheroid, having aspect ratio ARe1, have to satisfy the condition listed in the 
beginning of this paragraph; the other spheroids with aspect ratios ARe2 could 
be made smaller so as to increase the volume fraction of the resulting models. 
With this method, new bone models are constructed and simulated by keeping 
the dimensions for the center spheroid constant (at a minimum required to 
satisfy the aforementioned condition) while varying those of the corner 
spheroids. At low apparent densities, with the exception of the model with the 
lowest volume fraction, Model 2 performed significantly better, and gave 
stiffness values that agree very closely to the experimental results of [115] 
(Figure 4.12). For higher values of apparent density, there is no experimental 




data from the same study with which to compare. However, the curve fit of 
these simulation results is close in gradient to the extrapolation of this 
experimental regression line.  
4.2.4.3 Simulations on Model 3 
The model can be made more plate-like by ensuring that the x and z 
parameters are dissimilar, such that a transverse cross-section of the ellipsoid 
gives an ellipse instead of a circle previously (for a spheroid); in other words, 
all the spheroids are replaced with full ellipsoids. Keeping the parameters of 
the corner ellipsoids constant (and having the same aspect ratio ARe2 as 
previous), the z parameter for the center ellipsoid is varied. 
It was observed that the simulation results were close to the previous results 
using Model 2, with the stiffnesses obtained for Model 3 being slightly lower. 
Also, the slope of the curve fit for the simulation results seems to agree with 
the extrapolation of the regression line by [115], even though most of the 
simulated apparent densities fall beyond those of the experimental data. As 
such, it can be suggested that the use of ellipsoids instead of spheroids resulted 
in models that were less stiff, but the differences in effective stiffnesses were 
insignificant. At the same time, in order to determine if Model 3 can 
accurately simulate the proximal tibia, models of lower apparent densities 
(𝜌𝑎𝑎𝑎 < 0.4 g/cm3) need to be analysed so that direct comparisons with 
experimental data can be made. This can be done by fixing the x or z 
parameter of the corner ellipsoids at a value higher than 1.1 mm, for example 
1.3 mm. 




4.2.5 Summary of results and comparison with published experimental 
data  
In order to assess the validity of the ellipsoid-cuboid structure in simulating 
human trabecular bone, the graphs of stiffness vs. apparent density obtained 
from the simulations is compared against the literature. The recently published 
study by Helgason et al. [5] reviewed twenty-two elasticity-density 
relationships, pre-selected based on an explicit set of criteria and normalized 
for density and strain rate. Only the relationships derived from direct 
mechanical testing are included, which serve as valid comparisons with the 
simulation results of compression testing on the ellipsoid-cuboid model.  
The validity of the ellipsoid-cuboid model is assessed by superimposing the 
graphical results of the simulations onto the combined plot of all regression 
lines from the experimental studies reviewed by [5]. It can be observed that 
the simulation results approximate the experimental results of [115] for the 
proximal tibia best. As such, the experimental studies on the tibia are isolated 
in a separate diagram and the simulation results for the ellipsoid-cuboid model 
are then compared against this plot (Figure 4.12).  
For those models of Model 2 with apparent densities between 0.264 g/cm3 and 
0.4512 g/cm3, the elastic moduli agree very closely to those predicted by the 
power law regression of [115]. Beyond this range, there is no available 
experimental data for comparison. As such, the validity of both Model 1 and 
Model 3 for the purpose of simulating the proximal tibia cannot be established, 
even though the results are in close agreement with the extrapolation of the 
regression line.  




Figure 4.12 Graphs of simulation results superposed onto those obtained by 
experimental studies on the proximal tibia (from [5]) 
Taken on a whole, these results suggest that Model 2 is a valid model for the 
accurate simulation of real proximal tibia bone specimens having a volume 
fraction of between 13.177% and 22.568%. The suggestion that the ellipsoid-
cuboid model may be more suited for the simulation of the proximal tibia in 
particular can be confirmed by investigating its SMI. Calculation of the SMI is 
done by the software ImageJ using the BoneJ plugin. Since it was suggested 




that Model 2 was suitable for the simulation of the proximal tibia with volume 
fraction between 13.177% and 22.568%, the model with the average volume 
fraction of 17.804% was selected for the investigation of its SMI. The SMI 
value for this unit cell was calculated to be 1.015. For the purpose of 
comparison, the literature data of [138] for 160 proximal tibia specimens with 
an average SMI of 0.99 ± 0.52 was used. As the calculated SMI falls within 
one standard deviation of the sample data, it provides further corroboration to 
the above-mentioned suggestion that Model 2 can be used to accurately 
simulate the proximal tibia. 
4.2.6 Conclusions 
In summary, the work described in this subsection presented a novel model for 
simulating the trabecular bone using a representative unit cell that 
characterizes its main structural features with an inter-connected network of 
rods and plates. For this ellipsoid-cuboid model, it was found that the effective 
stiffness corresponded well with experimental data of the proximal tibia for a 
certain range of apparent densities. At the same time, its SMI was found to be 
very close to that of real tibia specimens, providing strong evidence for the 
resemblance between the two microstructures. As such, we recommend the 
use of the ellipsoid-cuboid unit cell as a model particularly suited for human 
tibial trabecular bone. 
 




Chapter 5. Investigation of the effect of trabecular microstructure on 
the femur scale 
The application of classical numerical methods employing extremely fine 
meshes to capture microscopic architecture, though theoretically possible, 
becomes computationally prohibitive in practice when studying large 
structures. Multi-scale models and methods have thus been used in the past to 
probe and understand the mechanical response of heterogeneous materials like 
foams [139], wood [140], and concrete [141]. Such methods typically involve 
homogenization at certain scales in order to obtain so-called ‘effective’ 
material properties, which are then incorporated in studying phenomena at 
adjacent scales. Multi-scale analyses are broadly divided into two: non-
concurrent techniques, where the successive scales are studied sequentially 
(usually from smaller to larger) with no explicit coupling between the scales, 
and concurrent techniques, which make use of nested simulations to study 
different scales simultaneously. Recently, several researchers have 
successfully applied multi-scale techniques in studying materials such as wood 
[142], polymers [143] and bone [27, 29, 144]. 
The use of multi-scale models is particularly appealing in the field of bone 
mechanics, owing to the well-known fact that bone is a hierarchically and 
structurally complex material [1, 145]. Spatially, bone spans a vast range of 
length scales, from collagen fibrils at about 0.1 micron, to trabecular bone with 
spicules about 2 millimetres in diameter [1]. Apart from this inherent spatial 
heterogeneity, bone also manifests striking dissimilarities between specimens 
excised from different anatomic locations, donor ages, extant pathologies, etc. 




The combined effect of intrinsic spatial scales and idiosyncratic 
inhomogeneity makes the study of bone mechanics especially challenging and 
furnishes sufficient motivation for the application of multi-scale methods. 
The recent prodigiousness in computing power has already made finite 
element analysis (FEA) a standard tool for evaluating bone mechanical 
behaviour. In macro-scale continuum-based FEA, finite element (FE) meshes 
are generated from computed tomography (CT) images [7], which contain 
information only on the bone geometry and density distribution. Based on the 
apparent density, material properties (stiffness, in particular) can be assigned 
to the FE model [146]. Such mapping techniques based on empirically 
obtained density-stiffness relationships suffer a fundamental flaw in that they 
do not account for trabecular microstructure, which is not captured in CT 
images. Absence of microstructural information in the FE model implies that 
important geometrically nonlinear phenomena like buckling of trabecular 
struts cannot be accounted for in the analysis [7, 21, 147]. In so-called ‘micro-
FE analysis’, on the other hand, trabecular architecture is captured with 
fidelity by the use of high-resolution micro-computed tomography (micro-
CT), obviating the need for stochastic density-stiffness relationships. 
However, micro-CT images are difficult to obtain in clinical settings owing to 
the extremely high radiation dosage required [7]. Furthermore, extant micro-
CT technology only permits scanning of peripheral sites like the ankle and 
wrist [7].  
In Chapter 2, we proposed a novel model for trabecular bone based on the 
minimal surface family of solids. We investigated the feasibility of a minimal 




surface solid, called the gyroid, in modeling trabecular bone. We then 
calculated the homogenized mechanical properties of the gyroid model for 
varying volume fractions using FEA. In this chapter, these material properties 
are used as input data for subsequent macro-scale FEA at the level of the 
whole proximal femur, with two different physiologically faithful sets of 
boundary conditions (i.e., stance and sideways-fall modes). We also studied 
the effect of simulated bone loss (through reduction in trabecular bone volume 
fraction) on the macro-scale behaviour of the femur. In order to authenticate 
the need for such a dual-scale method in studying bone, we performed 
identical simulations using the traditional method of attributing femoral 
material properties through linear-elastic density-stiffness mapping techniques. 
Finally, we compared the results between our proposed dual-scale technique, 
and the traditional method. 
5.1 Non-concurrent dual-scale FE simulations of the femur 
5.1.1 Source of femur model 
The finite element meshes of the human femur were obtained from the 
VAKHUM (Virtual Animation of the Kinematics of the Human) repository 
(http://www.ulb.ac.be/project/vakhum/), a European initiative to provide 
medical information and datasets free for academic purposes [148]. Of the six 
degrees of mesh density available for download on this website, we selected 
the files called “Refinement_3” (henceforth called ‘coarse mesh’) and 
“Refinement_6” (henceforth called ‘fine mesh’). These two files are available 
for download in several formats for use in different commercial FE softwares 
– we chose those in ABAQUS format for this work. The coarse mesh 




contained 14797 nodes and 12792 linear hexahedral (C3D8) elements, while 
the fine mesh consisted of 124954 nodes and 113510 linear hexahedral 
(C3D8) elements.  
5.1.2 Assignment of material properties 
In the original input files, material properties had already been pre-assigned to 
each element following an empirical density-modulus mapping algorithm. 
More specifically, a linear elastic constitutive law had been assigned to all 
elements, such that the stiffness was a function of the apparent density of the 
element (more details can be found on the website, 
http://www.ulb.ac.be/project/vakhum/). The fine mesh contained 280 different 
materials, while the coarse mesh had 199 materials. 
In order to study the effect of trabecular micro-architecture on femur-level 
phenomena, it was imperative to simulate bone loss on the original femur. We 
thus divided our analyses into two categories: the original mesh was labelled 
“pristine” bone, while a new category, called “simulated bone loss” was 
created by uniformly decreasing the Vf of each of the elements by 30% [52, 
56].  
Subsequently, we further subdivided each of the two above-mentioned 
categories into two, based on the algorithm employed for assignment of 
material properties.  Hence, we eventually had four cases (called Cases A – 
D), each differing from the other in the material properties assigned. More 
details on each of the four cases follow.  




5.1.2.1 Case A 
Case A retains the original density-modulus mapping present in the model, 
without any simulated bone loss. It acts as a “control” case against which Case 
B (described below) will be compared, in order to quantify the effect of micro-
scale effects on femur properties in a healthy (“pristine”) bone. It should be 
noted that most of the elements in Case A possess 𝑉𝑓s between 40% and 100% 
(the latter limit being equivalent to cortical bone).  
5.1.2.2 Case B 
In Case B, similar to Case A above, the pristine bone mesh is used, i.e., no 
bone loss is simulated. However, unlike Case A, material properties for each 
element in Case B are derived from the gyroid unit cell of corresponding 𝑉𝑓 . 
For easier manipulation of input material parameters, a database of 
homogenized gyroid-based material properties was created encompassing 
gyroid unit cells of 𝑉𝑓 approximately 10%, 25%, 35%, 45%, and 55%. 
Similarly, the elements in the femur mesh were discretized into groups that 
spanned 10% (i.e., 20 – 29%, 30 – 39%, 40 – 49%, 50 – 59%), except for the 
first group, which spanned from 0 – 19%. The latter group covered a larger 
range than the rest owing partly to the paucity of elements of low 𝑉𝑓 in the 
original mesh and partly to the fact that the gyroid unit cell becomes 
disconnected for 𝑉𝑓 around 5%.  
The final step in material assignment involved replacing the original (linear-
elastic) material properties of the element with the corresponding ones from 
the gyroid-based database. For example, for an element of 𝑉𝑓 = 23%, the 




homogenized (nonlinear) material properties for the gyroid unit cell of 𝑉𝑓  ~ 
25% was used, while an element of 𝑉𝑓  = 48% was endowed with the nonlinear 
material properties corresponding to the gyroid of 𝑉𝑓  ~ 45%. One should note 
that, following the findings of Bevill et al. [20], who concluded that 
geometrically nonlinear phenomena are of critical importance only at lower 𝑉𝑓 
𝑉𝑓s, we retained the original linear-elastic properties for all elements 
possessing 𝑉𝑓  above 60% (Figure 5.1). 
5.1.2.3 Case C 
In Case C, bone loss which may occur with ageing or osteoporosis was 
simulated by scaling down the 𝑉𝑓  of all elements in the original mesh by 
30%,. In other respects, Case C is analogous to Case A above in that linear 
elastic material properties were recalculated for each element based on its new 
(reduced) 𝑉𝑓  using the same density-modulus mapping scheme (see Section 
4.2.2.1 above, and Figure 5.1). Case C thereby provides a “control” case 
against which Case D (described below) will be compared, in order to study 
the effect of trabecular micro-architecture on macro-level femur properties in 
scenarios where severe bone loss has occurred.  
5.1.2.4 Case D 
In Case D, like in Case C above, bone loss effects were incorporated. 
However, the difference between Case D and Case C arises from the fact that, 
in Case D, gyroid-based nonlinear material properties were assigned to 
elements based on their 𝑉𝑓 , in a fashion similar to Case B above (see Figure 
5.1). It should be noted that for all elements with 𝑉𝑓  above 60%, linear elastic 




material properties were recalculated through the density-modulus mapping 
scheme used in Case A and Case C, based on the rationale that geometrically 
nonlinear effects are of decreasing importance above such high  𝑉𝑓s. 
Figure 5.1 shows a flowchart encapsulating the entire process, while Figure 
5.2 depicts the distribution of bone (i.e., the elemental 𝑉𝑓 ) in a typical coronal 
longitudinal section through the proximal femur.  
5.1.3 Boundary conditions 
Once material properties had been appropriately assigned to all the elements 
for all the four cases, it was necessary to apply boundary conditions that 
mimicked physiological scenarios as closely as computationally feasible. We 
investigated two different sets of boundary conditions: the stance mode, where 
the femur bone is upright and bears a compressive load directed along the 
femoral shaft, and the sideways-fall mode, which represents a person having 
fallen sideways onto his/her hip along the coronal plane, with loads being 
borne by the femoral neck. Though the mesh geometry spans the entire length 
of the femur, we focused our attention on the proximal region only, based on 
the rationale that most femoral fractures occur around the neck and 
trochanteric regions [97, 149]. 
Point loads cause stress singularities around the node where the load is applied 
and are thus computationally unfeasible. To circumvent this obstacle, we 
designed a digital model of a cup-like hemispherical cushion with inner 
contours resembling the curvature of the femoral head surface. 
  





Figure 5.1 Flowchart showing overall methodology adopted in assigning material 
properties to finite element mesh of femur 
 
Figure 5.2 (a) Material assignment in a coronal longitudinal section of the original femur 
mesh, after meshing with linear brick elements. (b) Legend describing corresponding 𝑽𝑽  
(%) for each element in the mesh for Cases A – D  
(a) (b) 




This cushion material helped to distribute the applied loads over a larger 
surface of the femoral head, thereby preventing unusually high stress 
distributions [150]. Furthermore, it also delayed the onset of mesh distortion 
issues during analysis. The cushion was coupled to the femoral head using 
‘tie’ constraints in ABAQUS [119], which transferred loads across the 
surfaces. For both loading modes, we followed with minor adaptations the 
protocols established by Keyak and Rossi [89], brief details of which follow.  
5.1.3.1 Stance mode 
In the stance mode, the femur models were aligned such that the shaft made an 
angle of approximately 10 degrees with the vertical plane. Subsequently, we 
imposed vertical displacements onto the femoral head via the cushion that was 
placed against the femoral head surface. The most distal region of the 
proximal femur was fully constrained. 
5.1.3.2 Sideways-fall mode 
In the sideways-fall mode, the femur models were aligned such that the shaft 
made an angle of approximately 10 degrees with the horizontal plane. Vertical 
displacements were again imposed through the cushion onto the femoral head. 
Again, the most distal region was fully constrained. To mimic the effect of the 
ground surface upon impact, the outermost surface of the greater trochanter 
was also constrained. 
5.1.4 Finite element analysis and post-processing procedure 
Upon successful imposition of appropriate boundary conditions, FE 
simulations with finite-deformations activated (i.e., geometrically nonlinear 




analyses) were undertaken for all eight femur models described above (i.e., 
Cases A – D, in both stance and fall modes), using ABAQUS. Subsequent to 
the completion of the analyses, we calculated the sum of the reaction forces 
generated on the cushion surface, as well as the displacements of a node 
chosen on the centre of the femoral head surface. Graphs of reaction force vs. 
nodal displacement were plotted for each model and then interpreted to obtain 
parameters of interest (e.g., structural stiffness, maximum force reached, etc). 
Contour plots depicting maximum principal strains were also obtained to 
appreciate the effects of microstructural geometrically nonlinear phenomena 
on the femur. 
5.1.5 Mesh density dependence 
At the macro-scale (i.e., for the whole femur), it was imperative to study two 
related aspects of mesh convergence: whether the mesh density is itself 
sufficient for numerical convergence, and also, more importantly, whether the 
dual-scale technique proposed in this work is dependent upon the size of 
elements in the macro-scale model. To this effect, we performed identical 
simulations on the coarse mesh (described in Section 4.2.1) of the femur, 
which was originally obtained from the VAKHUM repository, available under 
the label ‘Refinement_3’. We then compared macro-level results between the 
two mesh densities. 





5.2.1 Mechanical behaviour of femur bone at macro-scale 
5.2.1.1 Force-displacement behaviour 
The graphs depicting the total reaction force against the displacement 
experienced by the chosen node on the surface of the femoral head are shown 
in Figure 5.3 and Figure 5.4.  
It was noted that the graphs for Cases A and B for both sets of boundary 
conditions (i.e., stance and side-ways fall) coincided and were linear up to 
nodal displacements of approximately 6 mm. The graphs for Case C were also 
linear, but showed significantly reduced structural stiffness. In sharp 
contradistinction to the other three cases, Case D alone showed a plateauing 
behaviour for reaction force at nodal displacements in excess of 3 mm. 
Quantitative details follow. 
Figure 5.3 Graphs showing reaction force vs. nodal displacement for stance mode for 























Case D Cases A and B coincide 
Case D plateaus off 





Figure 5.4 Graphs showing reaction force vs. nodal displacement for sideways-fall mode 
for Cases A – D (legend identical to Figure 5.3 above) 
5.2.1.1.1 Stance mode 
In stance mode, the values for secant stiffness (ratio of reaction force to 
displacement) at a nodal displacement of 4 mm were: Cases A and B = 16.8 
kN/mm; Case C = 3.5 kN/mm; and Case D = 2.6 kN/mm.  
While Cases A, B and C revealed that the reaction forces continued to rise 
almost linearly with increasing nodal displacements, Case D plateaued at a 
maximum reaction force of 10.2 kN, achieved at a nodal displacement of 3.9 
mm.  
5.2.1.1.2 Sideways-fall mode 
In the sideways-fall mode, the values for secant stiffness at a nodal 
displacement of 3 mm were: Cases A and B = 28.2 kN/mm; Case C = 6.2 























Cases A and B coincide 
Case D plateaus off 




Again, similar to the trends for the stance mode described in Section 5.3.1.1.1 
above, the reaction forces in Cases A, B, and C continued to increase almost 
linearly with increasing displacements. Case D plateaued at a maximum 
reaction force of 14 kN, achieved at a nodal displacement of approximately 
3.1 mm. 
5.2.1.2 Maximum principal strains 
Investigating the distributions of maximum principal strains in the four 
different cases (Cases A – D) further evinced the effects of gyroid-based 
micro-architecture on the macro-scale properties of the femur. The maximum 
principal strains were seen to be substantially dependent upon the nature of 
micro-scale material properties employed in the macro-scale simulation. 
Generally, elements with geometric nonlinearity (i.e., with gyroid-based 
properties) will manifest higher strains and lower stresses than corresponding 
elements with no material nonlinearity (i.e., the linear elastic case), owing to 
the fact that the former may undergo yielding when the yield strength is 
exceeded, while the latter do not. This was seen to be generally true in all the 
analyses.  
5.2.1.2.1 Stance mode 
Figure 5.5 shows the contour plots depicting the maximum principal strains on 
a coronal longitudinal section for all four cases, at a nodal displacement of 4 
mm. We noticed that the maximum principal strains in Cases A and B were 
very similar. Comparing Cases A and C showed that more elements in the 
femoral neck area manifested high maximum principal strains in Case C (i.e., 
the femur with simulated bone loss) than in Case A (i.e., the pristine femur).    





Figure 5.5 Plot of maximum principal strains in stance mode for (a) Case A, (b) Case B, 
(c) Case C and (d) Case D. By convention, positive and negative strains denote tension 
and compression, respectively. White filled circle in (a) schematically shows the location 
of the node chosen for calculation of nodal displacements. All plots were obtained at 








A crucial observation was that Case D (i.e., the femur with simulated bone 
loss as well as gyroid-based material properties) manifested the highest 
maximum principal strains (in terms of magnitude of strain, without regard to 
the sign), mostly distributed over the narrow femoral neck region. 
The distribution of bone (i.e., 𝑉𝑓 ) for both the pristine model as well as that 
with simulated bone loss was depicted in Figure 5.2. It is seen that, while the 
majority of the elements in the femoral head are of relatively high 𝑉𝑓  (> 60% 
in Cases A and B; > 30% in Cases C and D), there exist several elements of 
substantially low 𝑉𝑓 (~45% in Cases A and B; ~15% in Cases C and D) 
located at the centre of the femoral neck region. An observation of crucial 
importance in this work is that this region of low 𝑉𝑓  coincided with the region 
of greatest maximum principal strains in Case D. On a similar note, the 
regions in the femoral head with relatively high 𝑉𝑓  experienced low maximum 
principal strains in all cases. 
It was also seen that, in the stance mode, the inferior region of the femoral 
neck suffered compressive strains (negative by convention), while the superior 
region experienced tensile strains (positive by convention), in all four cases 
[149]. 
5.2.1.2.2 Sideways-fall mode 
Figure 5.6 shows the contour plots depicting the maximum principal strains on 
a coronal longitudinal section for the four cases, all at a nodal displacement of 
3 mm. It was noted that the maximum principal strains in Cases A and B were 
again very similar, as in the stance mode. Comparison between Cases A and C 




revealed that the maximum principal strains in the femur with simulated bone 
loss (i.e., Case C) were higher, especially in the narrow femoral neck region, 
than in the pristine femur (i.e., Case A). Of greatest import was the 
observation that Case D (i.e., the femur with simulated bone loss as well as 
gyroid-based material properties) showed the highest maximum principal 
strains, again mostly localized in the femoral neck region.  
Similar to the observations made for the stance mode made in Section 
5.3.1.2.1 above, we noticed that the area of low 𝑉𝑓  around the centre of the 
femoral neck region once again coincided with the region of greatest 
maximum principal strains in Case D. On the other hand, the regions in the 
femoral head with high 𝑉𝑓  manifested relatively low maximum principal 
strains in all cases. 
Unlike in the stance mode, most of the femoral neck region was under 
compressive strain, while the outermost elements at the inferior surface of the 
femoral neck experienced tensile strain [149] in all cases. 
  





Figure 5.6 Plot of maximum principal strains in sideways-fall mode for (a) Case A, (b) 
Case B, (c) Case C and (d) Case D. By convention, positive and negative strains denote 
tension and compression, respectively. White filled circle in (a) schematically shows the 
location of the node chosen for calculation of nodal displacements. All plots were 








5.2.2 Mesh density dependence 
We noted no variation in the force-displacement behaviour or strain 
distributions between the coarse and fine meshes of the femur. However, 
though it was computationally easier to manipulate, the coarse mesh did not 
capture the geometry of the femur accurately as a result of aliasing errors 
caused by the low resolution. The fine mesh, on the other hand, was able to 
capture better the nuances of geometry and density distribution in the original 
femur. 
5.3 Discussion 
5.3.1 On the importance of dual-scale simulations for bone analysis 
The importance of accounting for micro-level trabecular architecture when 
investigating the femur has been a topic of recent debate [7, 22]. For example, 
Bevill et al. [20] studied the influence of trabecular volume fraction and 
architecture on large-deformation failure mechanisms and concluded that 
geometrically nonlinear failure mechanisms can significantly reduce the 
strength of trabecular bone, especially at low volume fractions. Similarly, 
Stolken and Kinney [21] simulated trabecular bone failure with and without 
geometric nonlinearities and asserted that bifurcation-induced failure at the 
trabecular level may have a more profound effect on structural failure than 
was previously supposed. Though admirable for their pioneering efforts, both 
of these studies were limited to small specimens of trabecular bone. Little is 
still known about how such micro-scale phenomena affect the properties of a 
larger structure like the proximal femur considered in toto.  




In Chapter 2, we utilised a new morphological model for trabecular bone, 
called the gyroid-based unit cell, to derive micro-scale mechanical properties 
incorporating the effect of geometrically nonlinear phenomena like buckling 
of trabecular spicules. In this chapter, these micro-scale properties were then 
used as material input parameters for a macro-scale study of the human femur. 
The dual-scale technique facilitated a quantitative investigation into the effect 
of trabecular buckling on femoral strength and stiffness. Furthermore, we 
applied this technique to study a pristine femur (i.e., one with a high bone 
density) and one with simulated bone loss. A comparison of these two 
categories helped to appreciate the different extents to which trabecular 
architecture contributed to femoral strength and stiffness in the two scenarios. 
We contrasted the proposed dual-scale technique against classical linear elastic 
density-modulus mapping algorithms that fail to account for trabecular 
microstructure. 
5.3.2 On the effect of incorporating micro-level (gyroid-based) 
mechanical properties on macro-level behaviour 
5.3.2.1 Case A vs. Case B  
Generally, our results showed that there was negligible difference in the 
macro-level mechanical behaviour of the femur between Cases A and B. The 
force vs. displacement graphs for the two cases were nearly identical, even at 
finite displacements, for both loading modes (stance and sideways-fall). 
Furthermore, maximum principal strains were also similar in both cases for 
both loading modes. The implication of this finding is that geometrically 
nonlinear phenomena at the micro-scale do not have a significant effect on the 




structural properties of the femur when the femoral bone is of high apparent 
density (as is typical in healthy subjects). In other words, in bones of high 𝑉𝑓 
the structural stiffness and strength of the femur is not noticeably 
compromised by trabecular strut buckling. In physiological terms, the dense 
trabecular network is capable of withstanding microscopic buckling and thus 
does not have an attenuating effect on the stiffness and strength of the whole 
femur. In such situations, the classical continuum-based finite element analysis 
is sufficiently suitable for predicting femoral failure [7, 151]. 
It is also imperative to interpret the fact that for both Cases A and B, the force-
displacement graphs did not reveal a plateauing behaviour for the reaction 
force. Even at displacements in excess of 5mm, the reaction forces continued 
to increase, implying that the femoral structure is still capable of withstanding 
load. Experimental investigations on the proximal femur have shown that 
typical forces at failure rarely exceed 20 kN [89].  
5.3.2.2 Case C vs. Case D  
Our results showed that there are significant differences in the force-
displacement behaviour of Cases C and D. For both loading modes, while the 
reaction force in Case C continued to increase linearly with displacement, that 
in Case D achieved a peak value beyond which it manifested plateau-like 
behaviour (i.e., there was no further increase in reaction force). This plateau 
force was 10.2 kN for the stance mode and 16.8 kN for the sideways-fall 
mode, which falls favourably within the typical range reported in experimental 
studies [89].  




The fact that only Case D manifests a peak value for reaction force is of 
importance in the context of our proposed technique. The primary implication 
of this fact is that the femoral strength has been compromised by trabecular 
strut buckling occurring at the micro-scale. Only Case D revealed this dual-
scale phenomenon owing to the fact that only Case D uses geometrically 
nonlinear micro-scale material properties as input for macro-scale simulations, 
in a femur with simulated bone loss.  
The contour plots depicting maximum principal strains were also seen to vary 
considerably between Cases C and D, especially in the femoral neck region. 
The maximum principal strains were noticeably higher in Case D than in Case 
C, and were seen to be localized at the femoral neck region. The plot (Figure 
5.2) showing the original bone volume fraction is helpful in further 
understanding the distribution of principal strains. It can be noticed that, in the 
original structure, there exist some elements of low 𝑉𝑓 at the core of the 
femoral neck (the Ward’s triangle). Physiologically, the trabecular struts in 
such low density elements are more prone to buckling, and hence the 
maximum principal strains can be seen to be higher around these locations. 
Once again, it is noted that only Case D is capable of capturing this 
phenomenon. 
5.3.3 Limitations 
The work described in this chapter faces limitations similar to any other multi-
scale technique which adopts an idealised unit cell for computing micro-scale 
properties [152]. Trabecular structure is generally more complex and less 
periodic than the gyroid. The discretization of the range of apparent densities, 




though greatly facilitating computational manipulation of the input parameters, 
may have an effect on the macro-level strength and stiffness. On a different 
note altogether, the boundary conditions we modeled capture only static loads. 
Dynamic gait simulations incorporating muscle effects may be performed 
using similar multi-scale concepts as proposed here.  
5.4 Conclusions 
Bone is hierarchically and structurally very complex. It has been suggested 
that trabecular micro-architecture could have a profound impact on overall 
femur behaviour, especially in cases where bone density is attenuated. We 
used a unit cell structure based on the gyroid family of minimal surfaces 
(described in Chapter 2) to obtain homogenized mechanical properties for a 
range of volume fractions. These were then used as input parameters for 
performing finite element analyses of the proximal femur. We assessed the 
feasibility of such a dual-scale technique by analysing a publicly available 
femur mesh under two sets of boundary conditions. We observed that in bones 
whose trabecular structure is very dense, incorporation of micro-scale 
buckling-related phenomena does not significantly modify the overall strength 
or stiffness of the femoral structure; whereas in femur bones with lowered 
trabecular density, buckling of trabecular struts plays a substantial role in 
undermining the overall strength of the femur.  
 




Chapter 6. Deformation mechanisms in the femoral neck region 
“[…]my concern will not be, except perhaps 
incidentally, that what I say shall seem true to 
those present, but rather that it shall, as far as 
possible, seem so to myself.” 
(Plato, Phaedo) 
 
This chapter focuses on studying deformation mechanisms particularly in the 
femoral neck region. In Section 6.1, we use a CT scan of the femoral neck 
cross-section as the basis for assembling gyroid-based unit cells of 
heterogeneous density into a macro-scale structural model of the femoral neck 
region. The latter is then subjected to finite element simulations in Section 6.2. 
Section 6.3 compares the gyroid-based macro-scale structure with 
conventional continuum-based models for assigning material properties. In 
Section 6.4, we perform more extensive FE simulations on the same structure, 
with different combinations of loading conditions, in order to develop a 
structural yield surface of the gyroid-based femoral neck. Lastly, Section 6.5 
attempts to link the deformation mechanisms occurring at the micro-scale (i.e., 
trabecular level) with those associated with yield at the macro-scale (i.e., the 
femoral neck level). 
6.1 Generation of femoral neck (FN) structure 
6.1.1 Extraction of FN slice from computed tomographic dataset 
We downloaded the dataset of computed tomographic (CT) images labelled 
‘subj006reg000’ from the online repository ‘Virtual Animation of the 
Kinematics of the Human’ (VAKHUM), a European project that maintains a 




complete set of both raw and processed data on the entire human skeleton, 
including CT images, digital models, FE meshes, gait animation movies, etc, 
as well as extensive documentation, freely downloadable for academic use 
[148]. According to the specifications described by the VAKHUM protocol, 
the dataset we downloaded comprises CT images of the proximal femur of a 
female subject taken using an Elscint Spiral Twin Flash CT installation, at a 
power of 120 kV, with slice increment 1.0 mm and slice thickness 2.7 mm. 
Each of the 250 slices contains 512 by 512 pixels, of pixel size 0.84 mm.  
The dataset was imported into the medical image processing software 
MIMICS (Figure 6.1), which was then used to extract a single FN slice cut 
transverse to the FN axis at the region of smallest cross-sectional area (i.e., the 
narrow neck region).  
 Figure 6.1 Original CT dataset after importing into MIMICS. The white rectangle 
shows the process of reslicing perpendicular to the FN axis 
The rationale for choosing this location for reslicing lies in the fact that, 
according to engineering beam theory, the narrow neck region has lowest 
moments of inertia and is therefore least capable of withstanding bending 




moments applied at the femoral head. Furthermore, it is mentioned in the 
literature [71] that proximal femur fractures frequently occur in the narrow 
neck region. 
Subsequent to reslicing, the CT image of the femoral neck thus generated 
(Figure 6.2) is processed to remove the soft tissue (muscles surrounding the 
femoral bone) and digital noise, saved in DICOM format at an optimum 
resolution of 500 by 500 pixels, and exported to MATLAB for further 
processing. 
Figure 6.2 CT image of the femoral neck after reslicing perpendicular to the FN axis. A: 
Anterior, I: Inferior, P: Posterior, S: Superior. Also shown is the Ward’s triangle, a 
region of very low bone density that occurs due to the nature of the trabecular pattern in 
the femoral neck 
6.1.2 Processing of CT slice to obtain geometric and densitometric 
properties 
Once the CT slice is imported into MATLAB, it is accessible as a two-
dimensional square array (matrix) of size 500 by 500, with each constituent 
number denoting the density of the corresponding pixel in Hounsfield units 
(HU). The Hounsfield scale provides a quantitative description of the porosity 
of the bone, with a value of 700 HU being typical for (porous) trabecular bone, 










Typically, for human bone, empirical studies have shown that there exists a 
linear relationship between apparent density and Hounsfield units. Possibly 
due to the intrinsic diversity in the mechanical properties of bone, and the 
vagaries of experimental measurement, various coefficients have been 
proposed in the literature for the linear relationship between the Hounsfield 
scale and the apparent density. In this work, we adopted the following 
mapping, originally proposed by [153]: 
𝜌𝑎𝑎𝑎(𝑔/𝑐𝑚3)  = (8.690476𝑏 − 4 )𝐻𝐻 + 0.130952 (6.1) 
Employing this relationship, we used MATLAB to convert the Hounsfield 
value of each pixel in the CT image to apparent density, thereby producing 
another two-dimensional array of the same size as the original, but with the 
pixel values now denoting the apparent density of the bone at that particular 
location.  
6.1.3 Generation of gyroid-based FN structure using geometric and 
densitometric properties obtained from CT slice 
In order to generate a structure using the gyroid-based unit cell with geometry 
and density corresponding to those in the original CT slice of the femoral neck 
region, we employed the following procedure. The apparent density value of 
each pixel in the two-dimensional array is converted to volume fraction using 
the linear relationship: 
𝑉𝑓 = 𝜌𝑎𝑎𝑎𝜌𝑡𝑡𝑡𝑡𝑡𝑡 (6.2) 
where the tissue density is given by 𝜌𝑡𝑡𝑡𝑡𝑡𝑡 = 1.8 𝑔/𝑐𝑚3. 




For the gyroid-based unit cell (Chapter 2), the value of the threshold 𝑡 
determines the volume fraction (𝑉𝑓) of the unit cell generated, according to the 
linear relationship: 
𝑉𝑓 = 0.3354𝑡 + 0.5 (6.3) 
Inverting this relationship, we obtain 
𝑡 = 2.98�𝑉𝑓� − 1.4898 (6.4) 
The value of 𝑡 derived thus for any pixel is then used in generating gyroid-
based unit cells for that particular pixel. Note that owing to the difference in 
grid size between the FN scale and the trabecular (i.e., gyroid unit cell) scale, 
we introduce a scaling parameter 1/𝑑 that determines the relative size between 
the trabecular struts produced by the gyroid equation and the femoral neck 
itself. The scaling parameter is fine-tuned in order to produce struts of 
reasonable thickness (as described in Section 2.3), while ensuring ease of 
finite element mesh generation for subsequent simulations.  
Hence, using equations (6.1), (6.2), and (6.4) in succession, the geometric and 
densitometric information in a CT slice can be used to generate a structure 
based on the gyroid unit cell, whose apparent density at any given location is 
identical to that measured from the original CT slice (Figure 6.3).  
This algorithm for assembling gyroid unit cells of varying 𝜌𝑎𝑎𝑎corresponding 
to that of the original CT slice produced structures bearing high fidelity to the 
femoral neck in terms of geometry and density distribution. The outer 
envelope of the femoral neck was accurately captured by the algorithm, as 




were features like the Ward’s triangle (Figure 6.4). Furthermore, the contiguity 
of the trabecular struts at the boundaries of unit cells corresponding to 
different 𝜌𝑎𝑎𝑎was seen to be preserved. 
Figure 6.3 . Schematic showing procedure for assembling gyroid-based unit cells into 
macroscale structure, based on the density distribution of a CT image obtained 
perpendicular to the longitudinal axis of the femoral neck 
Figure 6.4 (a) Three-dimensional macroscale structure generated using the assembly 
procedure, showing the heterogeneous density distribution across the femoral neck, (b) 
Side view of the macroscale structure, (c) Zoom-in on the low volume fraction region 
labelled A in (a) showing relatively thin trabecular struts, and (d) Zoom-in on the high 
volume fraction location labelled B in (a) showing relatively thick trabecular struts 

















 gyroid-based model 
















6.2 Finite element (FE) simulation on FN structure 
6.2.1 Mechanical properties of bone tissue material 
The gyroid-based FN structure generated above was imported into ABAQUS 
software suite for FE analysis. The bone tissue was modelled using a bilinear 
elastoplastic material, following [80], with the following parameters: Young’s 
modulus, 𝐸 = 18 GPa, Poisson’s ratio, 𝜈 = 0.3, yield strength of 134.3 MPa 
and a post-yield modulus of 5% of 𝐸. Furthermore, the tissue strength is 
assumed to be symmetric in both compression and tension [52, 79, 154].  
Furthermore, a second set of simulations were performed using purely linear 
elastic properties for the tissue material, with Young’s modulus, 𝐸 = 18GPa 
and Poisson’s ratio, 𝜈 = 0.3. The motivation for this second set of simulations 
lies in the fact that it would enable us to discern the influence of tissue-level 
plastic yielding on the macro-scale (i.e., effective) mechanical behaviour of 
the FN structure by contrasting it with the previous set of simulations. 
6.2.2 Loading and boundary conditions 
In a physically meaningful loading scenario (whether stance, gait, or fall), the 
femoral neck region usually bears several types of loading, including 
compressive stresses and substantial bending stresses. However, at this 
preliminary stage of our simulations, we intend to investigate the possibility of 
trabecular strut buckling occurring inside the FN structure, and its effect on 
macroscopic mechanical properties. To this effect, we ran FE simulations on 
the FN structure under purely compressive loading, i.e., we constrained all the 




nodes on the bottom face of the FN structure and displaced all the nodes on the 
top face by a uniform value (Figure 6.5). 
Figure 6.5 Schematic showing the boundary conditions applied on the gyroid-based 
femoral neck structure under pure compression  
It is to be noted that our rationale for applying only displacements (i.e., 
Dirichlet boundary conditions), and no forces (i.e., Neumann boundary 
conditions), in all our simulations, was in order to be able to capture any limit 
loads and subsequent macroscopic softening that may occur in the structure.  
6.2.3 Results 
Once the simulations were successfully completed, we obtained the effective 
material properties of the FN structure by summing up the nodal reaction 
forces on all of the nodes on the top surface of the structure (Figure 6.6). The 
displacements of the nodes at the top surface were then tabulated against the 
corresponding reaction force on the nodes and plotted. 
Figure 6.6 Schematic showing the procedure for obtaining the force vs. displacement 
graph for the gyroid-based femoral neck structure 
The graphs below (Figure 6.7) show that the FN structure with bilinear 
elastoplastic tissue material exhibited a decrease in its stiffness at a 
displacement of approximately 5μm. However, there was no limit load (i.e., 
load maximum) noted in the graphs, i.e., the reaction force continues to 
displacement 
 
reaction force = Σ(nodal reaction forces on top face) 




increase with increasing compressive displacement with no explicit evidence 
of macro-scale softening behaviour.  
 
Figure 6.7 Graphs of reaction force vs. displacement for the gyroid-based femoral neck 
structure with different tissue materials 
Visual inspection of the individual trabecular struts at select locations in the 
FN structure furnished evidence for large deformation bending occurring in 
the relatively thinner struts lying in regions of low volume fraction. In 
contradistinction, thicker trabecular struts occurring in regions of relatively 
high volume fraction manifested no such large deformation bending 
phenomena (Figure 6.8).  
In order to better understand the relationship between the large deformation 
bending (i.e., buckling) of individual trabecular struts occurring inside the FN 
structure and the overall mechanical integrity, we further post-processed the 
results to obtain the nodal forces for sets of nodes at different locations on the 
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Figure 6.8 (a) undeformed structure showing the relatively thinner trabecular struts at a 
region of low volume fraction; (b) deformed structure at the same location as in (a), 
showing large deformation bending behaviour occurring in the thinner trabecular 
struts; (c) undeformed structure showing the relatively thicker trabecular struts at a 
region of high volume fraction; (d) deformed structure at the same location as in (c) 
showing lack of any large deformation bending behaviour in the thick trabecular struts 
Figure 6.9 Femoral neck structure showing the locations of the three node sets chosen for 
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Figure 6.10 Zoom-in on Node Set 3, showing the nodes (circled) on the top surface of a 
particular trabecular strut at a region of low volume fraction 
Figure 6.11 Force vs. displacement graph for node set 1 







































Figure 6.13 Force vs. displacement graph for node set 3 
Node Set 1 comprises the largest number of nodes located in regions of a 
diverse range of volume fractions; while Node Sets 2 and 3 contain only the 
nodes located on two particular struts in regions of relatively low volume 
fraction, in the immediate vicinity of the Ward’s triangle (Figure 6.9 and 
Figure 6.10). 
The graphs of the force vs. displacement were plotted for each of the three 
abovementioned node sets. 
For all three node sets (Figure 6.11, Figure 6.12 and Figure 6.13), the graphs 
initially show a steady linear increase in the reaction force with increasing 
compressive displacement of the structure. This linear regime occurs prior to 
any large deformation bending in the trabecular struts. Subsequently, the 
graphs show that for Node Set 1 (Figure 6.11), there is no plateau behaviour in 
the reaction force, i.e., though there is a decrease in the structural stiffness, the 
reaction force continues to increase steadily with displacement. However, for 
Node Sets 2 and 3 (Figure 6.12 and Figure 6.13), there exists a pronounced 























reaction force on these particular node sets does not increase with increasing 
displacement.  
Since Node Set 2 and 3 correspond to trabecular struts lying in regions of 
comparatively low volume fraction, it can be understood that these particular 
struts suffer large deformation bending (i.e., buckling). However, since Node 
Set 1, which occupies a much larger area of the top surface reveals no such 
plateau-like behaviour, it can be ascertained that the effect of the buckling of 
individual trabecular struts is most significant in regions of low volume 
fraction and is diminished in larger regions where the thicker struts lying in 
adjacent regions of relatively high volume fraction are able to bear the 
compressive forces adequately, maintaining the stiffness of the structure.  
This finding has implications for our understanding of femoral neck fractures 
occurring in people with severe osteopenia or osteoporosis, whose bone 
density is drastically attenuated, leading to large regions of bone with very low 
volume fraction. We interpret our results to understand that such low density 
bones as are typical in osteoporotic subjects are likely to fail due to the 
unmitigated buckling of large numbers of trabecular struts located across the 
entire femoral neck region, leading eventually to catastrophic failure of the 
entire bone. Our findings further suggest that clinical intervention should place 
emphasis on checking the cascading nature of trabecular strut buckling 
occurring in regions of low volume fraction, possibly by application of drugs 
that boost the volume fraction of bone at critical locations where there are 
large numbers of trabecular struts all of low volume fraction. 
 




6.3 Continuum-based simulations – A comparison 
6.3.1 Using classical density-modulus mapping algorithms 
In order to compare the effect of adding microstructural detail to the macro-
scale structure, we performed similar analysis using the same FN structure, but 
with material properties based on the classical algorithm to convert apparent 
density to elastic modulus.  
The same CT image of the FN structure that was used in Section 6.1 above 
was imported into MIMICS image processing suite and a density-based 
thresholding algorithm used to separate bone tissue from the surrounding 
pixels. The resulting three-dimensional solid structure was then meshed with 
tetrahedral elements (C3D4) in the mesh generation software 3-matic. The 
volume mesh (containing 3187 nodes and 9436 elements) was then exported 
back to MIMICS software for assignment of material properties. In brief, each 
of the tetrahedral elements is mapped to its corresponding location in the 
original CT slice, and the apparent density associated with that location used 
as the material properties of that particular element. Subsequently, the 
apparent density is mapped using a cubic relationship [153] in order to obtain 
the corresponding Young’s modulus of that element: 
𝐸(𝑆𝑃𝑎) = 4249𝜌𝑎𝑎𝑎3  (6.5) 
where 𝜌𝑎𝑎𝑎 is in g/cm
3. 
Theoretically, this procedure would generate as many different material 
definitions as there are elements in the volume mesh, leading to massive input 
files that require enormous amounts of computational power to manipulate and 




solve. Practically, this problem has been addressed by other researchers by 
clumping a range of apparent densities into one material, such that all elements 
with apparent density lying within that range possess uniform material 
properties. To that effect, we chose to discretize the range of apparent 
densities into seven different element groups. The figure below shows the 
above-described procedure schematically (Figure 6.14).  
Boundary conditions identical to those described in Section 6.2.2 above were 
applied on the FN structure, and FE simulations performed in ABAQUS 
software. Subsequently, the output files were post-processed in a manner 
similar to that described in Section 6.2.3 to obtain the graph of reaction force 
at the nodes on the top surface versus the displacement enforced at the same 
nodes. 
Figure 6.15 shows the graph generated using this classical density-modulus 
mapping algorithm superposed on that obtained in Section 6.2 above with 
gyroid-based microstructure.  
The results showed that, for the structure generated using the classical density-
modulus mapping algorithm, the reaction force continued to increase linearly 
with increasing compressive displacement, in contrast to that with the gyroid-
generated microstructure, where there was a decrease in the tangent structural 
stiffness occurring when the reaction force was approximately 10kN.  
It is to be noted that, while the structure generated using the classical density-
modulus mapping algorithm contains only purely linear-elastic materials, the 
structure generated using the gyroid-based unit cell contains bilinear elasto-
plastic elements.  




Figure 6.14 Schematic showing procedure followed to assign material properties to 
original CT slice 
Figure 6.15 Graphs of force vs. displacement for the femoral neck structure with 
materials defined by classical density-modulus mapping compared with gyroid-
generated microstructure (bilinear elasto-plastic material properties) 
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Hence, the decrease in the structural stiffness of the latter structure could be a 
result of either, or both, of the two phenomena: buckling and material yielding 
of trabecular struts, neither for which is present in the structure generated 
using the classical density-modulus mapping. This enables us to discern a 
fundamental shortcoming inherent in studies that employ the classical density-
modulus mapping algorithms to generate FE models from CT images – such 
models, owing to their lack of microstructural detail, cannot capture important 
microscale phenomena like buckling (i.e., large deformation bending) of 
trabecular struts, which could lead to a drastic decrease in structural stiffness.  
6.3.2 Using classical density-modulus mapping with phenomenological 
plasticity 
The material element definitions employed in Section 6.3.1 above were 
modified to incorporate plasticity, with the hardening modulus (i.e., the 
tangent modulus in the plastic regime) for each of the seven materials 
arbitrarily defined to be 5% of the corresponding Young’s modulus, and a 
uniform yield true strain equal to the tissue yield strain of 0.7417%. Figure 
6.16 shows the graph of force vs. displacement generated for this structure.  
The graph corresponding to the structure with materials defined through the 
classical density-modulus algorithm incorporating phenomenological plasticity 
showed a structural stiffness lower than that corresponding to the structure 
with purely linear elastic materials, and much closer to that of the structure 
comprising gyroid-based unit cells. It is understood that, in FE studies which 
define material properties using the classical density-modulus mapping 
algorithm, it is imperative to incorporate plastic yielding in the models. 




Figure 6.16 Graphs of force vs. displacement for the femoral neck structure with 
materials defined by classical density-modulus mapping with phenomenological 
plasticity included superimposed onto Figure 6.15 
However, the difficulty lies in the choice of the manner of including 
phenomenological plasticity in the material definitions, especially the 
parameter relating the hardening modulus to the Young’s modulus – extensive 
large-deformation experimental calibration studies on trabecular bone samples 
of a wide range of volume fractions are warranted. 
6.3.3 Using material properties derived by homogenized gyroid-based 
unit cells 
On the one hand, the structure generated using gyroid-based microstructure in 
Section 6.2 above successfully accounts for microstructural phenomena like 
trabecular strut buckling; however, it contains a very large number of degrees 
of freedom, making simulations very computationally intensive. On the other 
hand, the structures generated using the classical density-modulus mapping 
algorithms (in Sections 6.3.1 and 6.3.2 above), owing to their substantially 




















Classical density-modulus mapping with phenomenological plasticity




however, they fail to capture trabecular-level phenomena that could be critical 
in failure analysis. We attempt in this section to combine the accuracy of the 
former method with the computational simplicity of the latter method, by 
undertaking a sequential dual-scale analysis whereby the homogenized 
material properties of the gyroid-based unit cells are used as input parameters 
for the macroscale (i.e., FN scale) analysis. For each of the materials in the FN 
volume mesh with a volume fraction below 50%, the data of the true stress vs. 
true strain for a gyroid-based unit cell of identical volume fraction was 
obtained as described in Chapter 2 and supplied as input material properties. 
The cutoff value of 50% volume fraction was chosen based on the finding [20] 
that at very large volume fractions, micro-scale phenomena like trabecular 
strut buckling become less important as the struts become thicker and are thus 
better able to avoid large deformation bending. Thus, for all the materials in 
the FN volume mesh with volume fraction above 50%, the classical density-
modulus mapping algorithm with phenomenological plasticity was preserved 
(Figure 6.17).  
For the material corresponding to the lowest volume fraction, i.e., 2.64%, it 
was not possible to render a corresponding gyroid-based unit cell owing to the 
fact that the trabecular struts became disconnected from each other. Hence, for 
this particular case, we preserved the classical density-modulus algorithm with 
phenomenological plasticity. Since the number of elements in the volume 
mesh belonging to this material definition was very few, it is assumed that the 
fact that the gyroid-based unit cell was not used in generating its material 
properties would have a negligible effect on the overall properties of the 
structure.  




Figure 6.17 Material assignment in the femoral neck structure 
 
Figure 6.18 Graphs of force vs. displacement for the femoral neck structure with 
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It is seen (Figure 6.18) that the force-displacement graph generated by the 
structure with material properties obtained by homogenizing the gyroid-based 
unit cells showed a closer fit to the graph generated by structure comprising 
gyroid-based microstructure than that corresponding to the structure with 
linear elastic materials obtained through the classical density-modulus 
mapping algorithm. This implies that the material properties obtained by 
homogenizing the gyroid-based unit cells furnish a more suitable input to the 
macro-scale model than purely linear elastic elements, because the 
homogenization process captures the decrease in structural stiffness ensuing 
from micro-scale phenomena like large deformation bending of trabecular 
struts. Thus, when the homogenized material properties are used as input 
parameters for the macro-scale simulations, the mechanical consequences of 
the occurrence of micro-scale buckling are still accounted for in the macro-
scale simulations, in spite of the fact that the trabecular struts are no longer 
physically present in the structure.  
6.4 Yield surface of FN structure 
6.4.1 Boundary conditions and FE analysis 
We studied the yield envelope of the FN structure generated through the 
procedure described in Section 6.1 in order to understand the mechanisms 
linking the loads applied to the initiation of yield. Specifically, we imposed 
two kinds of displacement-controlled loading, namely, a purely compressive 
displacement in the longitudinal direction, and an angular displacement about 
the anterior-posterior axis. The former produces compressive longitudinal 
stresses in the FN structure, while the latter causes a bending moment to be 




applied about the anterior-posterior axis. In ABAQUS, it is considerably 
difficult to apply an angular displacement directly onto a set of nodes. To 
circumvent this problem, we followed the procedure detailed below.  
After importing the original CT slice into the image processing software 
ImageJ, the coordinates of the centroid 𝐶 of the bone area were located using 
the measurement algorithms available in the software (Figure 6.19). 
Subsequently, we also obtained the directions of the principal moments of 
inertia of the bone area in terms of the angle subtended by the principal axes of 
inertia of the bone area to the positive horizontal axis. We defined one of the 
principal axes to represent the anterior-posterior axis of the FN structure, 
about which moments corresponding to either stance or fall modes were to be 
applied.  
Figure 6.19 (a) Original CT image of the narrow-neck region. Axes in grey indicate the 
default ImageJ coordainte system (b) Location of the area centroid C (256.7 pixels, 240.6 
pixels) and angle 𝜽 (19 degrees) subtended by one of the principal axes of the moment of 











After importing into ABAQUS the FN structure as generated in Section 6.3 
above, the coordinates of the centroid 𝐶 were used to create a reference point 
(RP) at that location, on one of the surfaces of the FN structure. A right-
handed coordinate system was defined so that the positive x-axis points in the 
longitudinal direction, the positive y-axis towards the inferior region of the FN 
structure, and the positive z-axis towards the anterior region (Figure 6.20). 
Figure 6.20 (a) Macroscopic view of the proximal femur, showing the narrow neck 
region (in black dashed lines), and the right-hand coordinate system; (b) FN structure 
based on Section A-A, showing the location of the reference point (RP) and the 
orientation of the right-hand coordinate system as used in ABAQUS 
 In the next step, we employed kinematical coupling to constrain the RP node 
to all of the nodes on the top surface of the FN structure [119]. Kinematical 
coupling constraints are used to limit the motion of a group of nodes to the 
rigid body motion defined on a reference node. In particular, constraining all 
the six degrees of freedom (three corresponding to translation and three to 
rotation) of the RP node  (‘master’) is equivalent to having a rigid beam 
between the RP node and each of the surface nodes (‘slaves’). In other words, 
once the RP node has been kinematically coupled in the above-described 
manner to the nodes on the top surface of the FN structure, applying a 
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applying the the same displacement to all of the surface nodes, while applying 
an angular displacement on the RP node about, say, the z-axis, leads to a 
couple about the z-axis being applied on the entire surface of the FN structure 
(Figure 6.21). 
Figure 6.21 Schematic showing the boundary conditions applied on the FN structure. 
Arrows in black denote the longitudinal compressive displacement and the angular 
displacement about the z-axis being applied at the RP node 
Keeping the bottom face fully constrained, we applied varying combinations 
of compressive and angular displacements on the RP node. Specifically, the 
application of a compressive displacement on the RP node leads to a 
compressive force in the longitudinal direction of the FN structure, while the 
application of an angular displacement about the positive z-direction 
(according to the right-hand rule, whereby the right-hand thumb points along 
the positive z-axis and the fingers curl in the direction of the ensuing couple) 
causes a couple about the z-axis in such a manner that the inferior region 
experiences compression while the superior region experiences tension, 
thereby replicating stance mode. Conversely, a combination of a compressive 
force in the longitudinal direction of the FN structure with an angular 
displacement about the negative z-direction mimics fall mode, during which 
the inferior region is in tension and the superior region in compression.  
Once the boundary conditions have been applied correctly on the FN structure, 
a geometrically nonlinear FE simulation was performed. Post-processing of 
the simulation involved extracting the data corresponding to the reaction force 
RP 
bottom face 
top face  




(-RF1) versus the displacement (-U1) of the RP node and the reaction moment 
(RM3) versus the angle rotated (UR3) by the RP node. The results of a typical 
simulation are shown below (Figure 6.22 and Figure 6.23), corresponding to 
the following input parameters: 
U1 = -25 (displacements are in μm) 
U2 = U3 = UR1 = UR2 = 0 
UR3 = +0.05 radians 
Figure 6.22 Graph of reaction force (-RF1) vs. displacement (-U1) 


















Moment (RM3) vs. Angle (UR3) 




6.4.2 Plotting and fitting of yield points 
The graphs of force versus displacement and moment versus rotation angle 
were then processed to establish the point of first yield at the macroscopic 
scale (i.e., the FN scale). Details of the procedure are illustrated using the 
force versus displacement plot shown below (Figure 6.24) – the same steps 
apply, mutatis mutandis, to the plot of moment versus rotation angle. 
The initial structural stiffness, 𝑆𝑡𝑛𝑡𝑡, is calculated as the slope of the force vs. 
displacement graph at the first successfully converged load increment of the 
FE simulation. Then, the tangent structural stiffness, 𝑆𝑡, is calculated for each 
successive load increment 𝑠 as the slope of the graph at the location 
corresponding to the load increment 𝑠.  
Figure 6.24 Procedure showing the determination of the point of first yield at the 
macroscale 
Subsequently, the ratio of the tangent structural stiffness 𝑆𝑡 to the initial 
structural stiffness 𝑆𝑡𝑛𝑡𝑡 is calculated and tabulated (Table 6.1). 








Tangent Stiffness, 𝑆𝑡 
(kN/µm) 
Ratio of Tangent Stiffness 
to Initial Stiffness, 𝑆𝑡/𝑆𝑡𝑛𝑡𝑡 
(%) 
0 0 - - 
3.12500 4.87721 𝑆𝑡𝑛𝑡𝑡 = 1.56070720 100.0 
3.90625 6.08559 1.546726400 99.1 
5.07812 7.77811 1.444289896 92.5 
6.83594 9.61016 1.042228442 66.8 
Table 6.1 Table showing the tangent stiffness values along the force vs. displacement 
graph 
The point of first yield is chosen to be the first point at which the ratio of 
tangent structural stiffness to the initial structural stiffness decreases to a value 
less than 90%, i.e., the point of first yield corresponds to the smallest value of 
𝑠 for which  
𝑆𝑡
𝑆𝑡𝑛𝑡𝑡
≤ 90% (6.6) 
In the case described above, the point of first yield occurs at the displacement 
of 5.07812 μm and a reaction force of 7.77811 kN. It is to be noted that the 
value of 90% chosen above to act as the criterion for onset of yield is an 
arbitrary one – variation in this value would eventually result in a yield 
envelope that is merely either more, or less, conservative, than the one we 
obtain. A similar process is carried out for the graph of reaction moment vs. 
rotation angle, and the point of first yield calculated. The points of first yield 
corresponding to the two graphs, i.e., reaction force vs. displacement, and 
reaction moment vs. rotation angle, are compared to ascertain which point was 
reached first in the course of the simulation, i.e., whether the first occurrence 
of macroscopic yield in the FN structure was caused by the reaction force or 
by the reaction moment. Subsequently, the values of reaction force and 




reaction moment at this point of first (macroscopic) yield are taken to 
represent the state of loading on the FN structure.  
Application of the same procedure to each of the other simulations 
corresponding to different permutations of applied longitudinal displacement 
and rotation angle furnishes us with a set of yield points that can then be 
plotted on a graph of moment vs. (compressive) force (Figure 6.25). Note that, 
as described above (Section 6.4.1), a positive moment corresponds to the 
stance mode and a negative moment to the fall mode, while a positive reaction 
force denotes longitudinal compression of the FN structure.  
Figure 6.25 Yield surface of femoral neck structure 
The yield points are fitted using MS Excel by the parabolic equation  





















Force, F (kN) 
STANCE 
𝐹 =  (−2𝐸 − 9)𝑆𝑧2 + (4𝐸 − 5)𝑆𝑧 + 5.3775 
FALL 




We assume in our work that the FN structure, under typical scenarios, 
experiences only compressive longitudinal forces, whether in stance or fall 
mode, and never tensile longitudinal forces, implying that, in the yield 
envelope plotted above, only the first and fourth quadrants are of significance. 
6.4.3 Translation between organ (i.e., femur) scale and FN scale 
The yield envelope as plotted above is based on the longitudinal forces and the 
moments experienced by the FN structure. Next, we relate these two FN-scale 
load parameters to the femur-scale loading conditions, in order to understand 
the link between the skeleton-scale loading (i.e., the loads applied on the 
proximal femur) and the yielding behaviour of the FN structure. The 
derivation that follows is based partially on the theory described in [1]. 
 
Figure 6.26 (a) Macroscopic view of the proximal femur, showing the forces acting on the 
proximal femur (R: hip joint reaction force; G: ground reaction force present during 
fall; D: force exerted by distal femur) (b) FN structure based on Section A-A. 




















𝑆𝑧 (𝑎𝑡 𝐶) = (𝑅𝑠𝑠𝑛𝑅)𝐿 (6.8) 
and  
𝐹 = 𝑅𝑐𝑐𝑠𝑅 (𝑐𝑐𝑚𝑠𝑑𝑏𝑠𝑠𝑠𝑣𝑏) (6.9) 
where  
𝑅 =  �+𝑣𝑏 corresponds to stance mode
−𝑣𝑏 corresponds to fall mode        (6.10) 
Thus, by substituting equations (6.8) and (6.9) in (6.7), the equation of the 
yield envelope obtained above can be recast in terms of the femur-level 
parameters 𝑅 and 𝑅: (2𝐸 − 9)𝐿2𝑅2 𝑠𝑠𝑛2 𝑅 − (4𝐸 − 5)𝐿𝑅𝑠𝑠𝑛𝑅 + 𝑅𝑐𝑐𝑠𝑅 − 5.3775 = 0 (6.11) 
Assuming 𝐿 to be a constant value of 25mm, equation (6.11) above can be 
plotted on a polar graph of 𝑅 vs. 𝑅 (Figure 6.27). 
















Here, we illustrate by means of sample calculations how to use the graph 
shown in Figure 6.25 to determine whether or not the FN structure will suffer 
macroscopic yield for a given set of physiological loading conditions.  
Based on the example described in [1], we assume the following parameters: 
𝐿 = 25𝑚𝑚 = 25000𝜇𝑚 
𝑅 = 4 × 𝑏𝑐𝑑𝑦 𝑤𝑏𝑠𝑔ℎ𝑡 = 2800𝑁 = 2.8𝑘𝑁 
𝑅 =  �+30° (𝑠𝑡𝑎𝑛𝑐𝑏)
−30° (𝑓𝑎𝑙𝑙)  
Then, in stance mode, by the use of equation (6.8) 
𝑆𝑧 = (𝑅𝑠𝑠𝑛𝑅)𝐿 =  2.8 𝑠𝑠𝑛30° × 25000 = 3.5 × 104𝑘𝑁. 𝜇𝑚 
and, by the use of equation (6.9) 
𝐹 = 𝑅𝑐𝑐𝑠𝑅 = 2.8𝑐𝑐𝑠30° = 2.42𝑘𝑁 
Conversely, in fall mode,  
𝑆𝑧 = (𝑅𝑠𝑠𝑛𝑅)𝐿 =  2.8 𝑠𝑠𝑛(−30°) × 25000 = −3.5 × 104𝑘𝑁. 𝜇𝑚 
and  
𝐹 = 𝑅𝑐𝑐𝑠𝑅 = 2.8𝑐𝑐𝑠 (−30°) = 2.42𝑘𝑁 
These two points corresponding to stance and fall modes are plotted on the 
graph shown in (Figure 6.28).  





Figure 6.28  Graph showing sample calculations to assess possibility of macro-scale yield 
for two cases 
It is seen that the point corresponding to the stance mode lies within the yield 
envelope while that corresponding to the fall mode falls outside the yield 
envelope. This implies that, for the given set of loading conditions, the FN 
structure is safe in the stance mode, but likely to suffer failure during a fall to 
the side (provided that the loads during stance and fall are as assumed in the 
sample calculations above).  This example brings to light one noteworthy 
feature of the yield envelope: the latter does not exhibit mirror symmetry 
about the horizontal (i.e., force) axis, but is instead shifted in such a manner 
that, for zero longitudinal force, the FN structure is capable of withstanding a 
larger moment in stance mode than in fall mode. A similar observation can be 
made in Figure 6.27 where the peak force 𝑅𝑚𝑎𝑚 that the femur can withstand is 
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mode). This result is noteworthy because it sheds more light on the clinical 
observation that the human femur appears to be evolved in such a manner as to 
better withstand stance loads than fall loads, and the related phenomenon 
whereby a bone specimen that is reasonably healthy and not susceptible of 
failure under normal stance loading suffers catastrophic failure during a fall to 
the side of even relatively low severity [155].  
Our findings can be better understood by comparing them with [1] and [156], 
who modelled the narrow neck cross-section by assuming two non-concentric 
circles, the inner core corresponding to trabecular bone, and the outer shell to 
cortical bone, as shown in Figure 6.29. The trabecular core was displaced 
superiorly by an eccentricity 𝑏, to mimic the bone density distribution 
observed in real human bone (Figure 6.29(a)), whereby the cortical shell at the 
inferior region is significantly thicker than that at the superior region.  
 
Figure 6.29 (a) CT image showing cross-section of human femoral neck (b) Analytical 
model used by [1, 156]  




Their analytical study aimed at investigating the effect of this trabecular core 
eccentricity on the distribution of axial and bending stresses across the cross-
section of the femoral neck, with particular emphasis on the possibility of 
failure being initiated at the superior or inferior regions of the narrow neck. 
Their results showed that the eccentricity of the trabecular core played a major 
role in redistributing stresses during normal gait loading and was thus an 
important bone adaption mechanism. More specifically, they discovered that: 
i. in stance mode, the trabecular core eccentricity helps to minimize 
bending stresses in the neck, while, in contradistinction, it causes an 
increase in the bending stresses in fall mode; 
ii. the superiorly eccentric trabecular bone causes the neutral axis of 
bending to shift towards the inferior of the neck, i.e., towards the 
inferior periosteal surface, and away from the superior side.  
Their study showed that the eccentric distribution of the low-density trabecular 
core within the cortical shell is of remarkable biomechanical significance as it 
minimizes the susceptibility of failure during physiological loading while 
greatly compromising the femoral neck strength during a fall to the side. 
Without disparaging their important analytical model and insights, it is 
imperative to take note of the limitations of the work of Fox and Keaveny 
[156] described above. They assumed a simple circular cross-section for both 
the cortical shell and the trabecular core, an assumption that, though greatly 
simplifying calculation, is not valid for real bone. Secondly, they modelled 
both the cortical and the trabecular bone by linear elastic materials, ignoring 
the effect of plasticity and strain-hardening or softening. Thirdly, the apparent 




density of trabecular bone is taken to be constant throughout the core, whereas 
the distribution of trabecular apparent density in real bone is not 
homogeneous. The last of their limiting assumptions, and possibly the most 
important in our context, is that the actual microstructure of trabecular bone, 
i.e., the existence of individual spicules (rods and plates), is ignored and 
instead a homogenized continuum of equivalent elastic properties is assumed 
in their model. Replacing the trabecular microstructure with homogenized 
continuum materials leaves out a fundamental mode of failure, namely, 
buckling (i.e., large deformation bending) of trabecular rods that may occur 
when the axial load acting on a single trabecular rod exceeds a critical value.  
In the light of these limitations of the work by Fox and Keaveny [156], it 
behoves us now to extend our own analysis of the macro-scale yield envelope 
of the femoral neck as described above, by investigating the relationships 
between tissue-level failure mechanisms (like tissue yielding and strut 
buckling, and their synergistic effect) and the macro-level failure, both in 
stance and fall modes, of our own femoral neck structure (whose geometry and 
apparent density distribution are based on the CT image of a real femoral 
neck).  
6.5 Deformation mechanisms active at the trabecular scale 
6.5.1 Theoretical considerations 
As already foreshadowed in Chapter 1 Section 1.3.3 above, the trabecular 
spicules are susceptible of failure by several complex mechanisms including 
yielding (crushing), buckling, or a synergistic combination of these two. Strut 
yielding occurs in short, thick, trabecular columns when the axial stress 




exceeds the material yield strength, while buckling is initiated in more slender 
columns at axial compressive stresses well beneath the yield strength [76]. The 
exact mechanism of buckling varies depending on whether the column is 
modelled as being purely linearly elastic or elasto-plastic. Pin-ended columns 
that are assumed to be purely linear elastic undergo buckling at a critical stress 
defined by the Euler equation: 
𝑃𝑐𝑐 = 𝜋2𝐸𝐸𝐿2  (6.12) 
where  
𝐸: Young’s modulus 
𝐸: moment of inertia of the column cross-section 
𝐿: length of the column. 
Conversely, columns whose material is modelled as being elasto-plastic 
undergo buckling at a critical load lower than that predicted by the Euler 
equation above – instead, as some localized region in the column begins to 
experience plastic deformation, the overall stiffness of the column is 
compromised and the structure manifests the so-called Engesser (or inelastic) 
buckling, according to the equation: 
 
𝑃𝑐𝑐 = 𝜋2𝐸𝑡𝐸𝐿2  (6.13) 
where  
𝐸𝑡 : tangent stiffness of the column material. 




It is to be noted that both Euler (elastic) and Engesser (inelastic) buckling 
occur in slender columns at compressive axial stresses less than the uniaxial 
yield strength of the material.  Hence, it is imperative to understand and 
account for the phenomenon of trabecular buckling when trying to gain insight 
into the macro-scale failure mechanisms of the bone structure. 
6.5.2 FE simulations on a simple cylindrical geometry 
In the context of trabecular bone, the phenomenon of buckling, and inelastic 
buckling in particular, is poorly understood, probably partly because of the 
difficulties inherent in setting up experiments to study structures as minuscule 
as individual trabecular spicules [65]. Wherefore, we performed FE 
simulations using a simplified geometry of a trabecular strut based on that 
developed in [87]. Our primary objectives in this subsection were firstly to 
ascertain whether struts of dimensions typical of trabecular bone were 
susceptible of buckling, and secondly to establish the exact limits of 
slenderness ratio within which columns underwent inelastic buckling (as 
opposed to yielding and elastic buckling). 
In [87], parametric studies using FEA were undertaken to develop and validate 
a single-strut model with geometry typical of trabecular bone that could 
manifest buckling. It was concluded therein that a cylindrical column of length 
1.1 mm, variable radius (to be chosen based on the required slenderness ratio), 
a midpoint lateral displacement of 0.01mm, and meshed with two quadratic 
beam elements, could act as a reasonably accurate computational model for a 
single trabecular strut (Figure 6.30). 




Figure 6.30 Cylindrical column representative of a single trabecular strut (based on [87]) 
Based on that study, we generated analogous structures for a range of 
slenderness ratios by varying the radius, 𝑑, of the cross-section while keeping 
the strut length, 𝐿, constant. The slenderness ratio is defined as: 
 











= 𝑑2 (6.15) 
where 𝐸 is the moment of inertia and 𝐴 the cross-sectional area. Substituting 
(6.4) into (6.3) gives: 
 




Two types of material properties are used to model the trabecular struts: purely 
linear-elastic material with Young’s modulus  𝐸 = 18000𝑆𝑃𝑎 and 𝜈 = 0.3; 
2𝑑 







direction by 0.01 𝑚𝑚 




and a bilinear elasto-plastic model based on [80], with Young’s modulus 
𝐸 = 18000𝑆𝑃𝑎 before yield, a post-yield modulus of 5% of 𝐸, and a 0.2% 
offset yield strain in compression of 1.04%. For the sake of simplicity, our FE 
analyses assumed tissue strength symmetry in compression and tension [52, 
79, 101]. 
Subsequently, while holding both ends of the column pinned, a compressive 
axial displacement 𝛿 is applied to one end and the axial reaction force 
𝐹 thereby generated recorded. The graphs of 𝐹 vs. 𝛿 generated for the columns 
of a range of slenderness ratios, for both types of material properties, are 
obtained and plotted (Figure 6.31). It is seen that that the graph obtained in the 
case with linear elastic material properties asympotically approaches the 
analytical Euler buckling load, while that obtained in the case with elasto-
plastic material properties shows a clear maximum in the force followed by 
marked softening.  
To obtain the critical load for the case with linear elastic material properties, a 
line of gradient equal to the initial slope of the force vs. displacement graph is 
drawn at a displacement offset of 0.0022mm (corresponding to 0.2% offset 
overall strain) and its point of intersection with the force vs. displacement 
graph obtained with the linear-elastic material is taken to be the critical failure 
load for that column. For the case with elasto-plastic material properties, on 
the other hand, the peak force reached is taken to be the critical failure load for 
that column. Dividing the critical failure load by the cross-sectional area of 
that particular column gives the critical stress that the column can support 
without buckling. 





Figure 6.31 Typical graph of force vs. displacement for a trabecular strut showing the 
critical load that causes buckling in each of the two cases (linear elastic material, and 
elasto-plastic material) 
Similar simulations are performed for columns of a range of slenderness ratios 
from 0 to 110 and the graph of critical stress vs. slenderness ratio plotted 
(Figure 6.32).  
Figure 6.32 Graph of critical stress vs. slenderness ratio showing the effect of inelastic 
buckling in decreasing the critical stress in columns of intermediate slenderness ratio 
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Our results showed that: 
(a) for short columns, the critical stress is determined entirely by the yield 
strength of the constituent material, implying that the column failed by 
compressive yielding; 
(b) for long columns, the critical stresses for columns with both constituent 
material properties (i.e., the linear elastic and the elasto-plastic columns) are 
identical. This implies that, though the column may have failed after the onset 
of localized yield, the Euler equation and the Engesser equation both predict 
the same critical stress.  
(c) for intermediate columns, the critical stress for the columns with 
elasto-plastic material is less than that for the columns with linear-elastic 
material, implying that the predominant failure mechanism here is Engesser 
(inelastic) buckling (i.e., buckling following localized yielding). 
The graph above (Figure 6.32) enables us to tabulate the range of slenderness 
ratios for each of these modes of failure (Table 6.2): 
Column type Slenderness ratio Predominant failure mechanism 
Short <7.3 Material yielding 
Intermediate 7.3 – 73.3 Engesser buckling (buckling + localized yielding) 
Long >73.3 Engesser buckling = Euler buckling 
Table 6.2 Classification of cylindrical columns and their predominant failure 
mechanisms under axial compression 
In [87], the author had compared her results against typical dimensions of real 
osteoporotic trabecular struts in the vertebral column, as reported in the 




literature, and concluded that their slenderness ratios lie well within the range 
corresponding to intermediate columns, implying that Engesser buckling 
would be the predominant strut-level failure mechanism, especially in regions 
of low volume fraction. We undertook a similar literature search for the 
femoral neck region and derived the following values by averaging the data 
furnished in [129], obtained from 56 femoral necks belonging to a cohort of 
middle-aged to elderly subjects: 
𝐿 (𝑎𝑣𝑏𝑑𝑎𝑔𝑏) = 0.95 𝑚𝑚 
𝑑 (𝑎𝑣𝑏𝑑𝑎𝑔𝑏) = 0.08 𝑚𝑚 
 𝑅 = 𝑑2 = 0.082 = 0.04 𝑚𝑚 
Assuming pin-ended boundaries [87], we obtain  
𝐿
𝑅
= �0.950.04� = ~24 
Assuming clamped-end conditions [87], we obtain  
𝐿
𝑅
= 0.95 2⁄0.04 = ~12  
The values of slenderness ratio obtained for both idealized boundary 
conditions fall within the range corresponding to the intermediate columns, 
underscoring the predominance of Engesser buckling in femoral neck 
trabecular bone. It is to be noted that, as discussed by [87], physiologically 
realistic boundary conditions for trabecular struts are expected to be 
somewhere between the pinned and clamped end cases. 
Having established the importance of Engesser buckling in microscale (i.e., 
strut-level) failure, it is imperative to visually examine the buckled struts so as 
to be better able to diagnose the occurrence of Engesser buckling of individual 
trabecular struts when inspecting the whole FN structure.  







Figure 6.33 Graph of force vs. displacement for a column of intermediate slenderness 
ratio, showing the Mises stress contours at the critical load. Note the formation of plastic 
'hinges' at the mid-span of the column at the point of buckling, followed by substantial 
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Figure 6.33 shows the graph of force vs. displacement for a column of 
intermediate slenderness ratio, together with the Mises stress plots at the peak 
force and at a point immediately thereafter. 
 We note the formation of a plastic ‘hinge’ [86] roughly at the mid-span of the 
column (where the original lateral imperfection was created prior to 
simulation) caused by localized yielding, followed by significant lateral 
deflection of the column with increasing axial compressive force. This 
phenomenon is colloquially known as ‘kneeling’ [157]. Therefore, we regard 
the formation of a plastic hinge followed by a large degree of lateral deflection 
as diagnostic of the occurrence of Engesser buckling in a slender strut. We 
hereafter employ the abovementioned criteria for identifying struts that have 
suffered Engesser buckling when relating the trabecular-scale failure 
mechanisms to the macro-scale yield envelope obtained in Section 6.4 above.  
6.6 Discussion of the relationships between trabecular-scale and macro-
scale failure 
In this subsection, our emphasis is on understanding the micro-structural (i.e., 
trabecular-level) basis of the yield surface (Figure 6.25) of the macro-scale 
(i.e., femoral neck-level) structure. To this end, we focus our attention on three 
cases:  
i. Case 1, corresponding to fall mode, where a bending moment of 
negative sign and very large magnitude acts on the structure 
simultaneously with a small compressive axial force; 




ii. Case 2, corresponding to stance mode, where a bending moment of 
positive sign and very large magnitude acts on the structure 
simultaneously with a small compressive axial force; 
iii. Case 3, corresponding to pure compression, where the femoral neck 
structure is under a large purely compressive axial force with no 
bending moment. 
These three cases are illustrated in Figure 6.34. 
Figure 6.34 Yield surface of femoral neck structure illustrating the three cases to be 
investigated 
6.6.1 Case 1: 
In Case 1, the femoral neck structure is in fall mode, implying that there exists 
a negative (about the z-axis, see Figure 6.26) bending moment acting on it. 
This results in compressive bending stresses in the superior region of the 
































To discern the occurrence of tissue-level yield, we used the Mises criterion 
and plotted the regions of active yield (Figure 6.35). Overall, it is seen that 
there is some tissue yielding occurring at the superior-most region, while there 
is none at the inferior-most region. 
Subsequently, an investigation of regions of low volume fractions in the 
superior region revealed the presence of plastic hinge formation localized to 
the superior-most region (Figure 6.36). A plot of the lateral displacement (i.e., 
in the plane of the femoral neck) shows that the struts which manifest plastic 
hinges also suffer significantly large lateral displacements (Figure 6.37). 
We therefore infer the following with respect to Case 1: 
• Most struts in the low volume fraction regions of the superior-half 
femoral neck structure manifest Engesser buckling (indicated by the 
formation of plastic hinges combined with significant lateral 
deflection). This phenomenon is particularly pronounced in the 
superior-most region. 
• There occurs some strut yielding at superior-most region (under 
compression) while there is no strut yielding in inferior half (under 
tension). 
The mode of macroscopic yield in Case 1 is therefore diagnosed as a 
combination of Engesser buckling of struts of low volume fraction and 
compressive yielding of thicker struts, both occurring in the superior-most 
region of the femoral neck structure. 
  




Figure 6.35 Active yield regions (in red) corresponding to Case 1 
Figure 6.36 Mises stress contours showing formation of plastic hinges in the superior-
most region 
Figure 6.37 Contours showing significant lateral displacements in the same locations as 











6.6.2 Case 2: 
In Case 2, the femoral neck structure is in stance mode, implying that there 
exists a positive (about the z-axis, see Figure 6.26) bending moment acting on 
it. This results in compressive bending stresses in the inferior region of the 
femoral neck and tensile bending stresses in the superior region. 
To discern the occurrence of tissue-level yield, we used the Mises criterion 
and plotted the regions of active yield (Figure 6.38). Overall, it is seen that 
there is substantial tissue yielding at both the inferior and superior regions of 
the femoral neck structure. It was also noted that there was no Engesser 
buckling occurring across the cross-section.  
We therefore infer the following with respect to Case 2: 
• There occurs substantial yielding of struts at both the superior region 
(under tension) and the inferior region (under compression), 
• Engesser buckling, which is expected to occur in struts of low volume 
fraction regions, is absent. Recalling that the phenomenon of buckling 
occurs only in compression and not in tension, we believe that the 
inferior region of the femoral neck structure, which comes under 
compression in stance mode, is of a relatively high volume fraction and 
therefore the struts located therein are not susceptible of Engesser 
buckling. 
The mode of macroscopic yield in Case 2 is therefore diagnosed as caused 
purely by strut yielding, in compression at the inferior region and in tension at 
the superior region.  





Figure 6.38 Active yield regions (in red) corresponding to Case 2 
  




6.6.3 Case 3: 
In Case 3, the femoral neck structure is in pure compression – there exists no 
bending moment acting on it.  
To discern the occurrence of tissue-level yield, we used the Mises criterion 
and plotted the regions of active yield (Figure 6.39). Overall, it is seen that 
there is some tissue yielding occurring at the entire superior-half of the cross-
section as well as in several low volume fraction regions of the inferior-half.  
Subsequently, an investigation of regions of low volume fractions in the 
superior region revealed the presence of plastic hinge formation localized to 
the superior-most region Figure 6.40. A plot of the lateral displacement (i.e., in 
the plane of the femoral neck) shows that the struts which manifest plastic 
hinges also suffer significantly large lateral displacements (Figure 6.41). 
We therefore infer the following with respect to Case 3: 
•  Most struts in the low volume fraction areas of the entire cross-section 
of femoral neck structure manifest Engesser buckling (indicated by the 
formation of plastic hinges combined with significant lateral 
deflection).  
• There occurs significant strut yielding in compression across the entire 
cross-section, particularly noticeable in the cortical ring, except at the 
inferior cortex. 
The mode of macroscopic yield in Case 3 is therefore diagnosed as a 
combination of Engesser buckling of struts in low volume fraction areas across 




the entire cross-section and compressive yielding of thicker struts along the 
entire cortical ring, except at the inferior cortex. 
  




Figure 6.39 Active yield regions (in red) corresponding to Case 3 
 
Figure 6.40 Mises stress contours showing formation of plastic hinges in low volume 









Figure 6.41 Contours showing significant lateral displacements in one of the locations as 











In this section of our work, we have arrived at a better understanding of the 
micro-scale mechanisms (inelastic buckling of slender struts or yielding of 
thicker struts) that underlie the macro-scale yield of the femoral neck 
structure. Specifically, our analysis has shown that the poorly-understood 
phenomenon of inelastic buckling is a mechanism that is not active in 
physiological loading conditions (i.e., typical stance) but is activated in fall 
mode, contributing significantly to macro-scale (i.e., femoral neck) failure. 










Negative Positive Zero 
Axial Force Compressive Compressive Compressive 
Bending stress 
Compressive at 
superior, tensile at 
inferior 




Axial stress Compressive Compressive Compressive 
Engesser 
buckling 
Present (localized to 
superior-most 
region) 
None Present (across entire cross-section) 





Present ( at cortical 
ring, except at 
inferior) 
Table 6.3 Summary of micro-scale mechanisms for the three cases (fall, stance, and pure 
compression) 
 




Chapter 7. Conclusions and Scope for Future Work 
“[…] what is sought with difficulty is 
discovered with more pleasure.” 
(St. Augustine, On Christian Doctrine) 
 
It is well-known that human bone is a hierarchically very complex material 
with a diverse range of shapes, densities, and mechanical properties. It has also 
been sufficiently emphasized, especially in recent years, that variations in 
bone geometry and density, especially during natural ageing or with the onset 
of pathological conditions like osteoporosis, may have a significant role to 
play in undermining the strength and mechanical integrity of the skeletal 
system. What is lamentable at present is our poor appreciation of, and insight 
into, the intrinsically multi-scale nature of the problem: how the mechanical 
behaviour and, more particularly, the deformation mechanisms at one scale of 
the bone may have a cascading effect on adjacent scales, leading eventually to 
catastrophic failure of the entire organ. We deem this work herein presented as 
the coming to fruition of nothing more than a modest attempt on our part to 
perfect our understanding of the natural marvel that is bone. 
Inspired by the works of the nineteenth-century German mathematician 
Hermann Schwarz on minimal surfaces, and sensitive to the fact that natural 
materials are often based on simple underlying geometric patterns, we 
investigated the ability of the triply-periodic minimal surface cellular solid 
called the gyroid to act as a morphological model of trabecular bone. We 
discovered that, based on both its mechanical behaviour and morphometric 
properties, the gyroid-based unit cell is a good representative of real trabecular 




bone, a finding further corroborated by comparison with other previously 
proposed models of bone.  
Subsequently, we employed the gyroid-based unit cell as a micro-scale model 
for deriving mechanical properties for a range of apparent densities, which 
were then used as input parameters for a macro-scale numerical study of the 
proximal femur under two different loading conditions. By performing 
analyses on the same structure after simulating trabecular bone density 
attenuation, we were also able to assess the impact of ageing or osteoporosis 
(both of which are associated with severe bone loss) on the femoral strength. 
Significantly, we discovered that femur bones that have suffered severe bone 
loss exhibit a drastic reduction in their structural stiffness and also a peculiar 
plateau-like behaviour in their load-displacement curves, indicative of a 
complete loss in their ability to withstand any further increase in external 
loads.  
In order to make more explicit the link between deformation and failure 
mechanisms at two adjacent scales of bone, namely, the level of individual 
trabecular spicule and that of the whole femoral neck region, we used the 
gyroid model, together with a CT-image of a real femoral neck cross-section, 
to render a structure that resembled the femoral neck in geometry as well as 
density distribution. Performing numerical simulations on this structure using 
various boundary conditions (both stance and fall) furnished us with a macro-
scale yield envelope that could enable one to diagnose whether a given set of 
loading conditions is likely, or not, to result in structural yield of the femoral 
neck. Finally, we explored the somewhat poorly understood phenomenon of 
the buckling (especially by the so-called Engesser theory of inelastic buckling) 




of trabecular struts by using simplified cylindrical geometries and discovered 
that, based on typical statistical data for the slenderness ratios of femoral 
trabecular bone in the middle-aged and elderly, inelastic buckling is a very real 
possibility in trabecular bone. Further inspection of our computational model 
of the femoral neck structure after macro-scale yield revealed that trabecular 
struts in low volume fraction areas of the superior-most region of the femoral 
neck did manifest inelastic buckling in the fall mode, an occurrence absent in 
the stance mode. This finding could be of significance in improving our 
understanding of the aetiology of fall-mode fractures. 
It is now incumbent upon us to enumerate the limitations of this work, with the 
belief that a full disclosure will enhance, and not diminish, the readers’ 
understanding and appraisal thereof. 
• The gyroid-based unit cell is periodic and isotropic. Real trabecular 
bone, however, is more chaotic and may frequently exhibit a degree of 
anisotropy. The anisotropy of trabecular bone is more pronounced in 
certain anatomic locations like the vertebral column where the loads 
are typically oriented in one direction, than in regions like the femoral 
head where the loads and moments may be applied in various 
directions during gait.  
• Since our goal in this thesis was to perform multi-scale analyses on 
bone with particular emphasis on studying hierarchical deformation 
and failure mechanisms, we chose simplified boundary conditions to 
represent stance and fall modes. Furthermore, for the same reason, the 
constitutive laws we used to model tissue-level and apparent-level 




behaviour do not account for complex phenomena like tissue-strength 
asymmetry, damage and crack growth, etc.  
• Only static simulations are undertaken. Dynamic (impact) tests are not 
considered. No muscle tissues are explicitly incorporated in the macro-
scale models, though these may dissipate impact forces during falls in 
real-life. 
• The structure studied in the penultimate chapter (Chapter 6) is based on 
a single CT slice extracted from the femoral neck region of a proximal 
femur. Use of a stack of slices may produce more realistic results; 
however, the computational resources required to mesh and simulate 
the larger structures thereby produced are prohibitive. 
Our posterity may not be bound by the same constraints as we were. They 
could then study the following in greater detail: 
• The effect of impact loading on the hierarchical deformation 
mechanisms of bone.  
• The influence of the presence of soft tissue encasing the femur during 
falls. 
• Aspects of crack growth and trabecular-level damage. 
• Interactions between deformation mechanisms at even lower scales 
(e.g., fibril failure) and the trabecular strut level behaviour. 
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